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Abstract
Blood is a specialized bodily fluid flowing through blood vessels. The main function
of blood is to transport many materials in plasma, such as blood cells, oxygen, glucose,
amino acids, etc., and to maintain the physiological homeostasis of our body. To
understand the transport phenomena in blood flow, we must clarify detailed flow field
as well as distribution of blood cells in the flow. Since, the main component of blood
cells is a red blood cell (RBC), flow field is strongly dependent on the microscopic
RBC behaviour, which are a!ected by the membrane tension of deformed RBCs and
hydrodynamic interactions between RBCs.
In former studies, the hemodynamics has been investigated in macroscopic and
microscopic regimes, separately. However, the vascular system is continuously ranged
from micro- to centi-meter scale in the body, and the body system is maintained by
the multi-scale cardiovascular system. For consecutive understanding of physiology
and pathology of blood flow, it is now desirable for a mechanical model which can
be applied to arbitrary scale physics of blood flow. To overcome the multi-scale
problems of blood flow, we need to develop a macroscopic continuum model of an
RBC suspension from the cellular mechanics of individual RBCs.
In a flowing suspension, RBCs hydrodynamically interact with other cells and the
cell-cell interactions induce the mixing of RBCs in the suspension. Such a flow-
induced mixing may be described by the self-di!usivity of RBCs. This phenomenon
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was discussed experimentally in a few studies, but it has not been clarified quantita-
tively. Thus, the di!usivity of RBCs subjected to fluid flow must be clarified in order
to develop a macroscopic continuum model of a suspension of RBCs. Not only the
di!usion of RBCs but the stress system of a suspension, i.e. particle stress tensor, is
also important to describe the momentum transport in the RBC suspension, because
it determines the bulk flow field. Although the apparent viscosity or velocity field
has been mainly discussed in former studies, the particle stress tensor of an RBC
suspension has not been clarified yet. The particle stress tensor can be described
by the stresslet of individual RBCs, which is determined by the membrane tension
of RBCs. We, therefore, need to clarify the rigorous membrane tension of individ-
ual RBCs subjected to fluid flow to construct a detailed stress system of an RBC
suspension.
The objective of this study is to investigate the cellular mechanics of an RBC
in shear flow and to clarify a suspension properties of RBCs from dilute to semi-
dilute regimes. In this thesis, we first discuss the mechanical modeling of the RBC
membrane, because it is very important in analyzing the membrane tension. We look
for an adequate mechanical membrane model to express a large deformation of an
RBC in fluid flow by comparing with continuum hyper-elastic models and discrete
spring network models. We then investigate single RBC motions in shear flow. The
results are applied to discussions of the membrane tension and rheology of a dilute
suspension of RBCs. Finally, we investigate the pairwise interaction of RBCs in shear
flow. We track a trajectory of a single marked RBC, and the trajectory is used to
determine the self-di!usivity of RBCs in the semi-dilute regime. We also investigate
the membrane tension and rheological properties of a suspension of RBCs in the
semi-dilute regime.
In chapter 1, we explain the research background and the purpose of this study.
ii
ABSTRACT
In chapter 2, the governing equations of RBCs deforming under viscous flow are
presented. An RBC has no nucleus, and characteristics of large deformation are
determined by both the fluid mechanics of internal and external fluids and the solid
mechanics of the membrane. In this study, an RBC is modeled as a capsule with a
hyper-elastic membrane. Due to the small size of RBCs, we assume that the flow is
Stokesian, which is described by boundary integral representations. For mathematical
descriptions of the membrane mechanics, we use the shell theory of the large elastic
deformation.
In chapter 3, we describe the numerical methods for the capsule dynamics in viscous
flow. For the membrane mechanics of a capsule, a finite element method is used. To
solve the boundary integral equation of the flow field, a boundary element method
is employed. For validations of the numerical scheme of the finite element-boundary
element (FE-BE) coupling method, we investigate the membrane load and capsule
deformation under inflation and shear flow conditions. The results are compared with
former analytical and numerical studies and we confirmed the accuracy. To accelerate
computation speed, GPGPU is applied to the FE-BE coupling method using CUDA.
We succeeded about 230 times acceleration of the computation speed comparing with
a CPU computation.
In this study, we model the RBC membrane by a continuum hyper-elastic material.
However, some of former studies use a spring network model to solve a large defor-
mation of the RBC membrane. In chapter 4, we compare the mechanical properties
of a membrane modeled with continuum constitutive laws and a discrete spring net-
work to clarify the correlations between the mechanical properties of discrete spring
network model and continuum constitutive laws and to discuss an adequate model
for the RBC membrane. We compare uniaxial and isotropic deformations of a two-
dimensional sheet, both analytically and numerically. The 2D sheet is discretized
iii
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with four kinds of mesh to analyze the e!ect of the spring network configuration. We
derive the relationships between the spring constant and continuum properties, such
as the Young modulus, Poisson ratio, area dilation modulus and shear modulus. It
is found that the mechanical properties of spring networks are strongly dependent on
the mesh configuration. Comparing the results between the di!erent membrane mod-
els, we find that it is hard to express the area incompressibility observed in biological
membranes using a simple spring network model. It is therefore desirable to use a
continuum model of Skalak et al. (1972) for the RBC membrane to express the area
incompressible property.
In chapter 5, we investigate the dynamics of a single RBC in creeping shear flow
and the rheological properties in the dilute limit. When an RBC is subjected to an
external flow, hydrodynamic forces on its membrane lead to motion and deformation.
Although dynamics of a rigid non-spherical particle is well understood by Je!ery’s
theory (1922), that of an RBC remains unclear. In this chapter, we first investigate
the kinematic motion of an RBC in creeping shear flow. The results show that the
orientation of an RBC is variant under time-reversal, though that of a rigid particle
is invariant. Surprisingly, the steady alignment of an RBC over long time duration
shows transition depending on the shear rate. The transition cannot be explained by
the minimum energy dissipation of the system but full fluid and solid mechanics are
needed to understand of them.
Flow-induced deformation of RBCs a!ects the cell ability to release various
molecules and regulate their concentration in blood. The resulting elastic tensions
in the membrane play a key role in mechano-transduction and govern its rupture in
case of hemolysis. We next analyze the elastic membrane tension of an RBC under
shear flow condition. In high capillary number regime, distributions of the principal
tensions change periodically and the maximum tensions appear on the side of the
iv
ABSTRACT
deformed RBC, whereas the high isotropic tension only appears at the top/bottom
of the deformed RBC. Due to the strain-hardening property of the membrane, the
deformation is suppressed in high capillary number regime but the membrane tension
increases monotonically with the capillary number. These findings on the membrane
tension would be useful to clarify not only the membrane rupture but also the
mechano-transduction of RBCs.
We finally discuss the rheological properties of a dilute suspension of RBCs in shear
flow. When a suspension is so dilute that the motion of an RBC is independent of the
other cells, the particle stress tensor can be determined by the stresslet of an RBC
subjected to fluid flow. The e!ective shear viscosity shows shear-thinning properties.
Surprisingly, in the dilute regime, it becomes smaller as the viscosity ratio of the
internal to external liquids is increased. The diagonal components of the stresslet are
no longer isotropic. The first normal stress di!erence becomes positive, whereas the
second normal stress di!erence becomes negative. The ratio between the normal stress
di!erence and shear stress of the suspension monotonically increases with capillary
number, because the apparent viscosity of the suspension decreases with applied shear
rate. These findings about the dilute suspension rheology form a fundamental basis
for the knowledge of complicated suspension mechanics of capsules and biological
cells.
In chapter 6, we investigate the hydrodynamic interaction between two RBCs in
shear flow and the results are applied to discussion of the shear-induced self-di!usion
of the RBCs, as well as the stresslet of the RBCs during the interaction. The pairwise
interaction is an important phenomenon. The particle stress tensor can be expanded
in terms of !, where ! is the volume fraction and the pairwise interactions give
!2 term. Thus, !3 term becomes one order of magnitude smaller when ! is about
10%. The pairwise interaction is also important for di!usion of RBCs, because cell-
v
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cell interaction is the main mechanism for an RBC to deviate from the background
streamline.
To investigate the shear-induced self-di!usivity of RBCs, we analyze the trajectories
of a single marked RBC during the cell-cell interaction. Due to the deformability of
the RBC membrane, the trajectories become asymmetric and the displacements are
observed in the cross-flow direction. We observe that the trajectories are strongly
a!ected by the viscosity ratio but slightly by the capillary number. Shear-induced
self-di!usion coe"cients of RBCs are then calculated by a combination of analytical
and numerical integration of the cross-flow displacements. The self-di!usion of RBCs
has a peak value when capillary number is about 1, and monotonically decreases with
the viscosity ratio. These tendencies are similar to those of drops but the values are
quantitatively di!erent. The interface of drops has no elasticity, thus the elasticity
of RBC membrane likely causes quantitative di!erence of shear-induced di!usivity
between drops and RBCs.
Finally, we discuss the stresslet of the RBCs during the pairwise interaction and its
impact on the particle stress tensor of the suspension. The additional shear viscosity
comes from the cell-cell interaction is positive in all cases, thus the e!ective shear
viscosity of the suspension increases quadratically. The first normal stress di!erence
becomes negative in the case of the identical viscosity, whereas it is positive when
the viscosity ratio is larger than 1. Thus the bulk first normal stress di!erence of the
suspension is increased by the hydrodynamic interaction of RBCs when the viscosity
ratio is large.
Consequently, we succeed to develop a macroscopic continuum model of an RBC
suspension in both dilute and semi-dilute regimes. The findings presented in this
thesis can be utilized for a fundamental basis for the breakthrough in the multi-scale
problems of blood flow. In near future, our numerical methods will be applied to
vi
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Blood is a specialized bodily fluid flowing through blood vessels. The main function
of blood is to transport many materials in plasma, such as blood cells, oxygen, glucose,
etc. This function is very important to maintain the physiological homeostasis of our
body.
Blood is not homogeneous fluid but a dense suspension of blood cells. The main
component of blood cells is a red blood cell (RBC), whose volume fraction in whole
blood normally reaches 40 to 45%. Macroscopic fluid properties of blood are then
strongly dependent on the microscopic RBC behaviour in blood flow.
1.2 Red blood cell
The human RBC has a biconcave shape and a diameter of 8 µm in its healthy
state. It repeatedly undergoes large elastic deformation during its passage through
small capillaries. An RBC has no nucleus and the membrane plays important role to
determine the characteristics of large deformation. The RBC membrane is not a sim-
ple homogeneous single-layer material but consisted of lipid bilayer and cytoskeletal
structure of protein, such as a spectrin network on the membrane.
To qualitatively and quantitatively investigate the stress-strain relationship of the
membrane, many mechanical membrane models have been developed. One of the
most common model is a continuum hyper-elastic model [35, 78]. In this model,
the complex membrane elements are modeled as a homogeneous continuum material.
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Another famous membrane model is a spring network model [36, 64, 66, 84, 85, 90].
In this model, the complex membrane elements are also modeled as a simple spring
network.
Recently, multi-scale complex membrane model was proposed [67]. In this com-
plexed model, the whole cell membrane is modeled as two distinct layers of lipid
bilayer and cytoskeleton. The cytoskeletal spectrin network is modeled by molecular-
based thermally activated constitutive model and the lipid bilayer is modeled as a
solid continuum viscoelastic model. The physical quantities obtained from the molec-
ular based cytoskeleton and continuum based lipid bilayer are shared by the complex
junction model.
Some researchers focused not only on the whole membrane mechanics but on the cy-
toskeletal mechanics of the membrane [51, 52, 60]. Suresh and his coworkers [51, 52],
for instance, investigated the cytoskeletal mechanics by coarse-grained dissipative par-
ticle dynamics method. In their model, they assumed that the RBC spetctrin network
always undergoes in remodeling in topological connectivity at a certain rate, because
of the mechanical, thermal or chemical driving forces. Each spectrin tetramer was
modeled by elastic spring and they are connected by a spherical bead which represents
an actin protofilament. Their interaction was modeled by the Lennald-Jones poten-
tial, which is a function of the distance between the elements. The association of a
spectrin and an actin was breakable, as well as reformable, and the network topology
changed dynamically using a coarse grained molecular dynamics simulation.
Each membrane model has specific advantages and disadvantages, respectively.
Thus, an adequate mechanical membrane model must be chosen to conduct the ob-
jective of each study. The main topic of this study is the macroscopic suspension
properties of blood, where the mechanical membrane tension of the RBCs plays im-
portant role. To express rigorous membrane tension in a given deformation of the
RBC, well-established continuum hyper-elastic model is employed for the membrane.
In the continuum based membrane model, the mechanical properties are determined
by the constitutive laws, of which the stress-strain relationships are exactly clarified
[8]. In mechanical point of view, the most important membrane properties are the
area-incompressibility and the response of large elastic deformation. Detailed discus-
2
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sions of mechanical modeling of the membrane are described in chapter 4.
1.3 Rheology of blood
Transport phenomena of blood is very important to maintain our body. To under-
stand of the flow filed of blood flow, rheology of blood has been investigated more
than half a century. In classical studies, blood is assumed as a homogeneous fluid
in macroscopic regime. Due to the microscopic RBC behaviours, blood showes non-
Newtonian e!ects in macroscopic regime. To model the non-Newtonian properties of
blood, some non-Newtonian fluid models were proposed, such as the Casson model
and the power-law model, etc.
In microscopic regime, on the other hand, many researchers have investigated in-
dividual RBC behaviours or apparent viscosity of the suspension in micro-vessels
analytically, experimentally and numerically [1, 4, 29, 30, 33, 72, 74, 95]. For exam-
ple, Secomb & Skalak [74] analytically investigated capillary flow of an RBC with
lubrication theory and they discussed the correlations between the pressure drop and
RBC shape in the lumen. Pries et al. [72] experimentally estimated the apparent
viscosity of RBC suspension in glass capillaries. They showed that the apparent vis-
cosity becomes the minimum in a certain range of a diameter of the capillary tube
due to the existence of cell-free layer near the wall.
To numerically investigate the motion and deformation of RBCs in fluid flow, the
discontinuous jump of the fluid stress tensor across the thin membrane must be taken
in to account. A boundary element method can treat such a discontinuous stress
jump explicitly and it is known that one of the most accurate numerical method to
simulate RBCs in fluid flow. Ramanujan & Pozrikidis [73] first conducted 3D simula-
tion of an RBC in shear flow using a boundary element method. The membrane was
modeled by a 2D continuum hyper-elastic material. In their model, the computations
was unstable due to the compressive stress on the membrane and few results were
discussed in the paper. To stabilize the computation, Pozrikidis [69, 70] introduced a
continuum based membrane bending rigidity into the model and succeeded to simu-
late an RBC behaviour in a tube flow. In his bending model, however, the curvature
of the membrane was estimated from only its mean value. The curvature of a 2D
3
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membrane should be described by the tensor formulation and more discussions about
the bending model should be needed. Recently, multiple RBCs flow in micro-vessels
were conducted with a boundary element method [30, 95]. Zhao et al. [95] computed
apparent viscosities of cellular flow in capillaries using a spectral boundary element
method. They succeeded 27-RBCs flow in the capillary and the results were compared
with the Pries’s experimental results.
In former studies, rheology of blood has been investigated in macroscopic and mi-
croscopic regimes, separately. However, the vascular system is continuously ranged
from micro- to centi-meter scale in the body. For consecutive understanding of phys-
iology and several pathology of blood flow, it is now desirable for a mechanical model
which can be applied to arbitrary scale physics of blood flow. To overcome the multi-
scale problems of blood flow, we need to develop a macroscopic continuum model of
the RBC suspension from the cellular mechanics of individual RBCs.
1.4 Objective
To develop a macroscopic continuum model, we must clarify detailed flow field as
well as distribution of RBCs in the flow. The microscopic RBC behaviours are a!ected
by hydrodynamic interactions between the RBCs. The hydrodynamic interaction of
RBCs enhances the mixing of the RBCs in the suspension. Such a flow-induced mixing
may be described by the self-di!usivity of RBCs.
Not only the di!usion of RBCs but the stress system of a suspension is also im-
portant to describe the momentum transport in the RBC suspension, because it
determines the bulk flow field. To determine the relation between the macroscopic
rheological properties of a suspension and small particle behaviour, Batchelor [10]
analytically introduced the stress system of a suspension, which is called as a parti-
cle stress tensor. Although the apparent viscosity or velocity field has been mainly
discussed in former studies, the particle stress tensor of an RBC suspension has not
been clarified at all. The particle stress tensor can be described by the stresslet of
individual RBCs, which is determined by the membrane tension of RBCs. We, there-
fore, need to clarify the rigorous membrane tension of individual RBCs subjected to
fluid flow to construct a detailed stress system of an RBC suspension.
4
1.4. OBJECTIVE
The objective of this study is to investigate the cellular mechanics of an RBC
in shear flow and to clarify a suspension properties of RBCs from dilute to semi-
dilute regimes. In this thesis, we first discuss the mechanical modeling of the RBC
membrane, because it is most important in analyzing the membrane tension. We
look for an adequate mechanical membrane model to express a large deformation of
an RBC in fluid flow by comparing with continuum hyper-elastic models and discrete
spring network models. We then investigate single RBC motions in shear flow. The
results are applied to discussions of the membrane tension and rheology of a dilute
suspension of RBCs. Finally, we investigate the pairwise interaction of RBCs in shear
flow. We track a trajectory of a single marked RBC and the trajectory is used to
determine the self-di!usivity of RBCs in semi-dilute regime. We also investigate the






Mechanics of RBCs in liquids
In this chapter, we present the governing equations of red blood cells (RBCs) de-
forming under viscous flow. An RBC is modeled as a capsule with a hyper-elastic
membrane with surface shear elastic modulus Gs and area dilation modulus Ks. Flow
of the internal and external liquids are described by the boundary integral equation
of the Stokes flow. For mathematical descriptions of the membrane mechanics, we use
the shell theory of the large elastic deformation. Throughout this chapter, summation
is performed over repeated indies. Greek indices take values 1 or 2, and Latin indices
take values 1, 2 or 3.
2.1 Membrane mechanics
RBCs are small liquid capsules enclosed by a biological membrane consists of a
lipid bilayer and an underlying protein cytoskeleton [78]. As the membrane is very
thin comparing with its size and typical radius of curvature, we can consider only
the deformation of its median surface devoid of bending resistance. Furthermore, the
stresses can be integrated across the thickness and be replaced by tensions, i.e., forces
per unit length of the median deformed surface. From now on, the term ’membrane’
refers to the median surface.
2.1.1 Curvilinear coordinates
Consider a material point of the surface of a two-dimensional membrane. We in-
troduce local curvilinear coordinates ("1, "2, "3), as depicted in figure 2.1. The first
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Fig. 2.1 Illustration of a local covariant base (a1, a2, n) in deformed state of the
membrane.
two coordinates "! are tangential to the membrane and "3 is normal to the mem-
brane. In this case, the material point on the membrane is determined by two surface
curvilinear coordinates "!.
Let x("1, "2) be a position of the material point in the deformed state. The local




, a3 = n. (2.1)
The first two base vectors a! are tangential to lines of "!. The third base vector a3





The associated contravariant bases are defined as ai · aj = $ij . The covariant and
contravariant metric tensor are given by
aij = ai · aj , aij = ai · aj . (2.3)










The local covariant bases can be also rewritten as
ai = aija
j . (2.5)
Multiplying equations (2.4) and (2.5), we have


































































, a12 = a21 = # a12|a!" |
, (2.10)
where |a!" | = a11a22 # a212.
2.1.2 Membrane deformation
We now consider deformation of the 2D membrane. Assuming negligible bending
sti!ness, deformation occurs only in the plane of the membrane. Let dX and dx be
the infinitesimal vector in the reference state and deformed state, respectively. Based
on the Kirchho!-Lave theory, a material vector normal to the surface remains normal
to the surface after deformation. Then, surface deformation gradient tensor Fs is
defined by
dx = Fs · dX, (2.11)
and is given by
Fs = a! $ A!, (2.12)
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where A! are the local contravariant bases in the reference state. The local deforma-
tion of the surface can be measured by the right Cauchy-Green tensor
C = FsT · Fs




= a!" A! $ A" , (2.13)










(a!" # A!")A! $ A" , (2.14)
where Is is the tangential projection operator, which can be written as
Is = a!" a! $ a"
= a!" a! $ a"
= $!" a! $ a"
= $"! a
! $ a" . (2.15)
In order to have an invariant of the strain tensor, which is zero when the areal
strain is zero, regardless of the magnitudes of the principal extension ratios %1, %2,
Skalak et al. [78] introduced the two invariants of the in-plane strain tensor
I1 = 2 trE
= tr{(a!" # A!")A! $ A"}
= (a!" # A!")A! · A"
= a!"A!" # A!"A!"
= a!"A!" # 2
= %21 + %
2
2 # 2, (2.16)
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I2 = 4detE + 2trE











= J2s # 1. (2.17)




= %1%2, expresses the ratio of the deformed to the
reference surface areas.
2.1.3 Membrane tension and constitutive laws
2.1.3.1 Membrane tension
Assuming that the membrane is a two-dimensional isotropic hyper-elastic material,
the elastic stresses in an infinitely thin membrane are replaced by elastic tensions.
In the case of a hyper-elastic material, the tension-strain relationship derives from a








where P pk, Spk are the first and second Piola-Kirchhof tension, respectively and the











· FsT . (2.19)
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When the strain energy function W is a function of I1, I2, the Cauchy tension tensor























· FsT . (2.20)


















Substituting equations (2.21) and (2.22) into equation (2.20), we have the following
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A number of laws are now available for modeling thin hyper-elastic membrane. Dif-
ferent laws allow us to describe quite di!erent material behaviours for large deforma-
tion of the membrane, including the strain-softening behaviour of a gelled membrane
or the strain-hardening behaviour of a polymerized membrane. In this study, two
di!erent constitutive laws are used for the capsule membrane.
The widely used neo-Hookean (NH) law [35] describes the behaviour of a very thin










where GNHs is a surface shear elastic modulus of the NH law.






I21 + 2I1 # 2I2 + CI22
"
, (2.26)
where GSKs is a shear elastic modulus of the SK law. The area dilation modulus KSKs
of the SK law can be described as KSKs = GSKs (1 + 2C). The RBC membrane has
a lipid bilayer structure and is thus almost area incompressible but easy to shear.
To model the area-incompressible membrane of the RBC, C must be large enough.
Walter et al. [88] investigated the e!ects of C on the deformation of an ellipsoid
capsule in a simple shear flow. They showed that C = 10 is high enough to express
the area-incompressibility of the membrane. Accordingly, all the results of the RBC
presented in this study are obtained with C = 10.
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Fig. 2.2 Schematic illustration of a suspension of capsules.
Substituting equations (2.25) or (2.26) into equation (2.24), we can obtain the
elastic tensions of the NH or SK laws. In chapter 4, we compare the tension-strain
relationship of the two laws under large uniaxial and isotropic deformation.
2.2 Fluid mechanics
Consider Nc capsules are freely suspended in incompressible Newtonian liquid un-
dergoing viscous flow with velocity v"(x), as illustrated in figure 2.2. We assume all
capsules are filled with an incompressible Newtonian liquid (subscript in) with viscos-
ity %µ and density ' and enclosed by an infinitely thin membrane. The outer liquid
(subscript out) is Newtonian with viscosity µ and density '. Gravitational e!ects are
thus neglected as the capsule is assumed to be neutrally buoyant.
The capsule deformation is governed by fluid-structure interactions between the
motion of the internal and external fluids and that of the capsule membrane. In
particular, the discontinuity of the stress tensor across the thin membrane has to
be taken into account. At the small scale of the capsule, the inertia forces of the
internal and external flows are negligible compared to the viscous forces. The fluid
velocity field is governed by the Stokes equations and can be evaluated in terms of
surface integrals defined on the boundaries of the fluid domain, including the capsule
14
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v(y) · K(x, y) · n(y)dSi(y), (2.27)
where % is the viscosity ratio of the internal and external liquids, n is the outward unit
normal vector to the membrane surface Si, PV denotes the principal value, which is









is the viscous load on the membrane, which represents the discontinuous jump of
the fluid viscous stress across the interface. Single and double layer potentials of the











where r = x # y and r = "r".
Here, introduce an important parameter capillary number Ca, which represents the





where *̇ is the shear rate or elongational rate of undisturbed flow v" and + is the






In this chapter, we describe numerical methods for the capsule dynamics in viscous
flow. For the membrane mechanics of a capsule, including a red blood cell (RBC), a
finite element method is used. To discretize the governing equations of the membrane
using finite element procedures, the local equilibrium equation of the membrane is
described as a weak form, which is based on the virtual work principle. To solve the
boundary integral equation of the flow field, a boundary element method is employed.
For validations of the numerical scheme of the finite element-boundary element (FE-
BE) coupling method, we investigate the membrane load and capsule deformation
under inflation and shear flow condition, and the results are compared with former
analytical and numerical studies. To accelerate computation speed, general purpose
computing on graphics processing units (GPGPU) is applied to the FE-BE coupling
method using compute unified device architecture (CUDA) and we succeeded about
230 times acceleration of the computation speed comparing with central processing
unit (CPU) computation.
3.1 Finite element method
3.1.1 Weak form of the equilibrium equation
For the finite element procedure, we first introduce the local equilibrium equation
in a weak form using the virtual work principle. Consider a 3D material with the
volume V and the surface #V , immersed in a liquid. Neglect inertia e!ects of the
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material deformation, the static equilibrium equation is given by
% · ) = 0, (3.1)
where ) is the internal Cauchy stress of the material and % is the gradient operator.
Based on the virtual work principle, we introduce a virtual displacement û into the




























û · ) · n#V d#V #
.
V
%û : )dV = 0, (3.3)
where n#V is the unit outward normal vector to the surface #V . When the material
is exerted by the fluid flow, the surface stress vector t is equivalent to the fluid stress
vector on the surface
t = )f · n#V = ) · n#V , (3.4)
where )f is the viscous stress of the flow and we have
.
#V
û · )f · n#V d#V =
.
V









is the virtual strain.
We now consider the equilibrium equation of a capsule membrane. Based on the
Kirchho!-Love theory for a very thin sheet, straight lines normal to the mid-plane
remain straight and normal to the mid-plane after deformation. In this case, the
out-of-plane components of the stress tensor )!3 are zero, because A!3 = a!3 = 0 in
the mid-plane. The thickness of the membrane is very thin and the normal stress )33
may not a!ect on the internal virtual work, i.e. right hand side of equation (3.5), the
internal virtual work may be calculated by only the in-plane stress tensor )s:
.
V
,̂ : )dV &
.
V
,̂s : )sdV , (3.7)
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%s = Is ·%, (3.9)
is the surface gradient operator. We also assume that the stress tensor is constant
in the thickness direction (denoted by "3). The in-plane stress is replaced by the
membrane tension & in the mid-plane after integrated towards thickness direction:
.
V









,̂s : & dS. (3.10)
When we neglect the area di!erence between the surface Sin and Sout, the external
virtual work, i.e. left hand side of equation (3.5), may be calculated on the mid-plane:
.
#V
û · )f · n#V d#V =
.
Sout
û · )fout · n dSout #
.
Sin














û · q dS, (3.11)
where q is the external viscous load and n is the outward unit normal vector to the




û · q dS =
.
S
,̂s : & dS. (3.12)
Equation (3.12) is solved with respect to q in given the instantaneous capsule shape.
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Fig. 3.1 Local curvilinear coordinates (!1, !2) and node numbering for (a) linear
element and (b) quadratic element.
3.1.2 Isoparametric interpolation
The surface of a capsule is discretized into a triangular mesh. The local curvilinear
coordinates (-1, -2) can be introduced for each element in the interval [0,1]. When
calculating the metrics in a given element, the coordinate ("1, "2) are replaced by
the intrinsic coordinates in an isoparametric triangular element, (-1, -2), depicted as
figure 3.1. In this study, di!erent two types of elements are used for the computation.
One is a simple linear element with three nodes at each vertex of a triangle mesh
(figure 3.1(a)). The other is a quadratic element with six nodes at each vertex and in
the middle of each side (figure 3.1(b)).
Based on a Galerkin method, both physical quantities and virtual displacement are
interpolated by the same function, which is called as shape function. For the linear
element, the shape function N on the each three nodal point is defined as
N (1)(-1, -2) = 1 # -1 # -2,
N (2)(-1, -2) = -1, (3.13)
N (3)(-1, -2) = -2,
where N (p) is the shape function associated with node p ' {1, 2, ..., np}, and np is
the number of nodes of the element. For the quadratic element, the shape function is
20
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defined as
N (1)(-1, -2) = (1 # -1 # -2)(1 # 2-1 # 2-2),
N (2)(-1, -2) = -1(2-1 # 1),
N (3)(-1, -2) = -2(2-2 # 1), (3.14)
N (4)(-1, -2) = 4-1(1 # -1 # -2),
N (5)(-1, -2) = 4-1-2,
N (6)(-1, -2) = 4-2(1 # -1 # -2).
These formulas can be used to interpolate any quantify f in a given element:
fI(-1, -2) & f (p)I N
(p), (3.15)
where subscript I represents Ith Cartesian component and f (p)I is Ith Cartesian com-
ponent of f at node p.
3.1.3 Finite element formulation
Using equation (3.15), a position vector of a material point in a given element is
also interpolated as x(-1, -2) = N (p)x(p). The covariant vector is then given by
a!(-




The metric tensor can be obtained from this expression. A di!erential surface element
dS can be expressed as
dS = "d-1a1 ! d-2a2" = d-1d-2"a1 ! a2"
= d-1d-2
1
(a1 ! a2) · (a1 ! a2)
= d-1d-2
1
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For the virtual displacement, we use the same interpolation as the physical quantities
and the external virtual work is discretized to
.
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= {û}T {M}{q}, (3.18)
where the index el means elements on the membrane. The size of vector {û}, {q} and
the coe"cient matrix {M} are depends on the type of shape function.
We now consider a covariant expression of the virtual strain. The derivation %sû
in covariant form is given by
















a! $ a" . (3.19)
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a! $ a" , (3.21)
where #i!" is the Christo!el symbol, which is defined by #
i
!" = (#a!/#-
") · ai. In
the case of #3!" , the Christo!el symbol is equivalent to the curvature tensor which is





. The covariant component of the virtual displacement
must now be expressed in terms its Cartesian components:




û = ûiai = ûIeI
ûia
i · ai = ûIeI · ai




ûi = ûIaIi . (3.23)

























# #i!"N (p)aIi . (3.25)
The internal virtual work is then given by
.
S





















= {û}T {$}. (3.26)
The contravariant representation &!" is already introduced in equation (2.24). The
matrix {M} and vector {$} depend only on the metrics, it can be computed and
assembled at each time step, because we track the material point through the com-
putation and the metrics can be explicitly calculated by comparing with its reference
shape. The discrete equilibrium equation is now written as
{û}T {M}{q} = {û}T {$}. (3.27)
The load {q} satisfies equation (3.27) for any virtual displacement, thus we get
{M}{q} = {$}. (3.28)
In the numerical implementation, surface integration is performed to {M} and {$}
using six Gaussian integral points on each element. We numerically confirmed the
results do not change so much when the number of Gaussian integral points larger than
6 (data not shown). Equation (3.28) is solved with respect to {q} by a biconjugate
gradient stabilized method.
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Fig. 3.2 Polar coordinates (", #) are introduced to calculate the r!1 integral at
the node xs over the neighboring elements. For simplicity of the numerical inte-
gration, the length " is normalized by the diagonal length !(#), which depends
on the angle # and the normalized system is described as ($, #). A point ("", #")
in the figure represents the integrand point in a given element.
3.2 Boundary element method
3.2.1 Discretization of the boundary integral equation
Next, we describe a discrete boundary integral equation using boundary element
method. The capsule surface is discretized by the triangular element and equation



































where Nc is the number of capsules, the indices cap and el represent the capsules and
elements, respectively. We use a Gauss’s numerical integration scheme for the second
and third terms of the right hand side of equation (3.29). As the same for the finite
element procedures, we use six Gaussian integration points. Physical quantities in a
given element are interpolated by equation (3.15).
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3.2.2 Singular integral for the single-layer potential
The velocity field at a given node x is obtained by equation (3.29) where J and
K are nonsingular. Even where each node x is shared by neighboring elements,
the integrand is calculated do not coincide with the nodes themselves, however the
Euclidian distance r in equation (3.29) becomes small enough to generate large errors
in the calculation of the improper integral. If the distance between i-th capsule and
j-th capsule (i (= j) becomes very small, the singular problems must be considered not
only for the neighboring elements but for the capsule-capsule interaction. However,
in the parametric range of the capsule interaction used in this study (cf. Chapter
6), the minimum distance between the capsules were always larger than the averaged
grid spacing of the membrane. Then, we consider the singular problem only where
the nodal point x is shared by neighboring elements.
To avoid the singular problem, polar coordinates (/, 0) centered at the singular node
denoted xs(-1s , -2s ) are introduced for the integration of the single-layer potential J ,
as shown in figure 3.2, such that
-1 = -1s + / cos 0, -
2 = -2s + / sin 0. (3.30)
The di!erential surface element dS can be expressed as dS =
1
|a!" |/d/d0. In order
to simplify the integration of the single-layer potential, the distance / is normalized
by the triangular diagonal length %(0), as shown in figure 3.2, and the new polar
coordinate system is described as (1, 0). The Jacobian between / and 1 can be
expressed as #//#1 = %(0), then the surface element dS is given by
dS = 1 (%(0))2
2
|a!" |d1d0. (3.31)
The Jacobian 1 (%(0))2 tends to zero as fast as the Euclidian distance r!1 goes to
infinity, thus eliminating the singularity in the evaluation of the single-layer integral.
In the singular integrals of the single-layer potential, we use 9 Gaussian integral points
for numerical accuracies.
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3.2.3 Integral for the double-layer potential
Singularity of the r!1 integral of the single-layer potential can be eliminating by
introducing polar coordinates (1, 0). However, the double-layer potential K is the
order of r!2 and another method may be needed to handle the singularity of K.
Consider the r!2 integral of the double-layer potential in i-th capsule. When we
seek the velocity at a nodal point x, the r!2 integral equation of the double-layer
potential can be rewritten as
.
S










K(x, y) · n(y)dS(y). (3.32)




K(x, y) · n(y)dS(y) = #4(I. (3.33)










· K(x, y) · n(y)dS(y)
#4(v(x). (3.34)





to zero and the numerical error arising from the singular problem of the double-layer
potential can be suppressed.
At each time step, the implicit problem of equation (3.29) is solved for v(x) by
successive sub-interactions (denoted by the superscript n). In this study, we use a
simple relaxation method
vn+1(x) = 2vsn+1(x) + (1 # 2)vn(x), (3.35)
where vsn+1 is the left hand side of equation (3.29) obtained by replacing v(x) by
vn(x) in the right hand side of the equation. 2 is a relaxation factor. Foessel et
27
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al. (2011) show the e!ective relaxation factor numerically, which is equivalent to
2 = 1.8/(1 + %). In this study, we use the same relaxation factor as Foessel et al.
(2011).
3.3 Reference shape and mesh generation
To discretize a capsule membrane, as well as an RBC membrane, we use a subdi-
viding method as the same manner with [88]. The first mesh is constructed by an
icosahedron with 20 regular triangles. A new computational node is placed at the
middle of each edge, therefore, each triangle element is divided into 4 new elements.
The new nodes are projected onto the sphere with the radius + and the procedure is
repeated until the desired number of element is reached.
In this study, we consider deformation of a spheroidal capsule and biconcave disk in
shear flow . For a spheroidal capsule, the revolution axis is set along to x2-direction at
time t = 0 in the Cartesian system (x1, x2, x3). The reference shape of the spheroidal
















where a and b are the length of semi-axes along the revolution axis and the orthogonal
axis, respectively and Xi is the position of computational node on the membrane.
When a/b < 1, the spheroid is oblate and when a/b > 1, it is prolate. In the case of
the spheroidal capsule, the length scale + is defined to conserve the volume between




The biconcave disk shape, which is assumed as the reference shape of the RBC, is
given in the same manner with [27, 73]. The computational node Xi is initially gen-
erated on a spherical surface with radius +, then projected onto the derived biconcave













where r2 = X21 + X23 , and 2R0 is the long axis of the biconcave (c.f. figure 3.3). C0,
C2, C4 are the shape parameters to control the swelling ratio of the biconcave shape.
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Fig. 3.3 Reference shape of a red blood cell: (a)Membrane of the RBC is dis-
cretized to triangular element using a subdividing method. (b) In order to pre-
serve the volume between the spherical capsule with radius % and biconcave cap-
sule with the radius of the long axis R0, the correlation between R0 and % is
defined as R0 = 1.386%.
In order to coincide with the shape as in the physiological condition, these parameters
are set to C0 = 0.207, C2 = 2.003, and C4 = #1.123, respectively [27]. R0 and + have
the correlation R0 = 1.386+ to preserve the volume of the capsule.
We track the Lagrangian position of the membrane material points over time; we
can thus readily compute the local membrane deformation by comparing with the
reference state. The in-plane elastic tensions & are obtained from the membrane
constitutive law. The viscous load q for a given membrane deformation is calculated
from equation (3.28). Once the viscous load is given, the velocity field is calculated
by the boundary element method. The membrane material point x is updated by
means of the kinematic condition v = dx/dt, which guarantees continuity between the
membrane velocity and the interfacial fluid velocity. The above kinematic equation
is solved using an explicit second-order Runge-Kutta method and the whole process
is repeated.
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3.4 Validations
In this section, we investigate the numerical accuracy of the FE-BE coupling
method. First, we investigate the membrane load q under inflation of a spherical
capsule with the neo-Hookean and the Skalak membrane. Next, we investigate
deformation of a spherical capsule and oblate spheroidal capsule in shear flow with
various capillary number. The results are compared with analytical solutions and
former numerical studies.
3.4.1 Inflation of a capsule
First, we investigate the accuracy of the finite element method on the capsule
deformation by inflation of a spherical capsule. When a spherical capsule is inflated
by pressure di!erence between the internal and external fluids, such as due to an
osmotic pressure di!erence across the membrane, the correlation between the isotropic








where + is the reference radius of the spherical capsule, 3 is the inflation ratio, and +p
is the radius of the inflated capsule. The isotropic membrane tension can be related to
the principal stretch ratio %(= 1 + 3). The analytical solution for the NH membrane






and for the SK membrane
&SK = Gs
!
%2 # 1 + C%2(%4 # 1)
"
, (3.41)
where Gs is the surface elastic shear modulus. In order to check the non-linear
behaviour of the finite element method, we impose a normal displacement given by
u = 3X, where X is the position vector of a material point in the reference state and
equation (3.28) is solved with respect to {q}. Such a case the norm "q" should be
equal to pressure p.
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Fig. 3.4 Non-dimensional pressure for the NH and Skalak (C = 1) membrane.
Analytical solution is given by equation (3.38). For both types elements, we use
1280 triangle meshes.
The results are shown in figure 3.4. The membrane is discretized by the linear
and quadratic element with 1280 triangular meshes and 6 Gaussian integral points
are used. When 3 takes a value between 0 to 0.5, we see good agreement with
the analytical solutions and the numerical results with linear element and quadratic
element, for both the NH and SK laws.
To investigate the accuracy of the finite element method more in detail, we define
the numerical error as follow:
Error = |pnave # pa|/pa, (3.42)
where pnave is averaged pressure obtained from the computation and pa is the exact
analytical solution. Numerical errors of the finite element method with various mesh
number are shown in figure 3.5. The membrane is modeled by the SK law with C = 1
and the stretch ratio 3 = 0.5. From this figure, we see a linear correlation between
the numerical error and mesh number of the membrane for both linear element and
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Fig. 3.5 Numerical error of the finite element method. The error is defined in
equation (3.42). The membrane is modeled by the SK law with C = 1 and the
stretch ratio & = 0.5.
quadratic element. Slopes of the linear element and quadratic element are almost same
when the mesh number is larger than 102. This result suggests that the linear element
can be applied for the capsule inflation when the membrane is discretized by large
enough mesh numbers, even though the curvature of the meshes are neglected. When
the membrane is discretized by 5120 meshes, the error is about 0.2% for the linear
element and about 0.1% for the quadratic element. From these results, we confirm
that our numerical methods for the membrane mechanics have a good accuracy to
solve the capsule inflation.
3.4.2 Capsule in shear flow
Next, we check the accuracy of the FE-BE coupling method under shear flow con-
dition. We assume a spherical capsule is freely suspended in a simple shear flow in
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the (x1, x2)-plane. The undisturbed background flow v" is then given by




3 = 0, (3.43)
where *̇ is the shear rate. The capsule deformation is defined by the Taylor parameter,
which is calculated from the deformation of its ellipsoid inertia. By symmetry, the
material points initially located in the shear plane (x1, x2) remain in it and two of
the principal axes of the ellipsoid of inertia with semi-axes L1 and L2 (L1 * L2)
are also located in the shear plane. Correspondingly, it is convenient to quantify the
three-dimensional capsule deformation with the deformation of the intersection of the






We first check the mesh convergence of the numerical method by deformation of a
spherical capsule in shear flow. The membrane is modeled by the Skalak law with
C = 1. Capillary number and the viscosity ratio are equal to 1. Time change of
Taylor parameter with various mesh number are shown in figure 3.6. The values of
D12 in the steady state obtained from linear element with 320 and 1280 meshes di!er
about 2.6%. When the membrane is discretized by the linear element with 1280 and
5120 meshes, the curves of D12 are almost overlapped between the two cases and the
values of D12 in the steady state di!er less than 0.5% between the two cases.
To investigate the mesh convergence of the numerical method more in detail, fol-
lowing criterion is introduced:
Di! =
|D12 # Dfine12 |
Dfine12
, (3.45)
wehre Dfine12 is the Taylor parameter of the fine mesh in the steady state, which is
evaluated as the reference value. Results of the linear element and quadratic element
with various mesh numbers are shown in figure 3.7. Numerical conditions are the same
as figure 3.6, and Dfine12 is estimated from the results of the linear element with 20480
meshes. The values of Di! decreases as mesh number increases for both the linear
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Fig. 3.6 Time change of Taylor parameter. The membrane is modeled by the
Skalak law with C = 1. Capillary number and the viscosity ratio are equal to 1.
and quadratic element. When the mesh number is higher than 103, the maximum
di!erence with the fine mesh is less than 0.6% for the linear element and 0.3% for the
quadratic element. From these results, we confirm that the mesh convergence of the
numerical method when the membrane is discretized by 103 or more higher number
of meshes.
3.4.2.2 Comparison with former analytical and numerical studies
Next, we compare our results of a spherical capsule in shear flow with Barthès-Biesel
[6], Lac et al. [46] and Foessel et al. [31], in which all capsule membranes are modeled
by the SK law with C = 1. The membrane is discretized by the linear element with
5120 meshes. The results are shown in figure 3.8. The green line indicates the linear
correlation between Ca and D12 in the small deformation limit [6], and our results
match well with the analytical solution when Ca < 0.05. Our results also match
well with Lac et al. [46] when % = 1 and match well with Foessel et al. [31] when
% = 5 in whole range of Ca. Thus, it is confirmed that our numerical methods have
34
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Fig. 3.7 Mesh convergence of the numerical method. D12 di"erence between
a given mesh number and the fine mesh is defined as equation (3.45). For the
reference value of the fine mesh is estimated from the results of the linear element
with 20480 meshes.
good accuracy in simulating the deformation of a spherical capsule in shear flow with
various Ca and %.
Subsequently, we compare our results of an oblate spheroidal capsule (a/b = 0.5)
in shear flow with Walter et al. [88], in which both capsule membranes are modeled
by the neo-Hookean law. Time change of Taylor parameter of the spheroidal capsule
with Ca = 0.6 is shown in figure 3.9. The viscosity ratio % is set unity for both
studies. Both results match well, which indicates that our numerical methods have
good accuracy in simulating the deformation of a spheroidal capsule in shear flow.
From these results, we conclude that our numerical method have good accuracy
in simulating a capsule in shear flow with various membrane model, reference shape,
capillary number and viscosity ratio for both linear element and quadratic element.
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Fig. 3.8 Deformation of a spherical capsule in shear flow with various Ca and '.
The membrane is modeled by the SK law with C = 1. The results are compared
with former analytical study for the small deformation limit: Barthès-Biesel [6],
and numerical studies: Lac et al and Foessel et al. [46, 31].
3.5 GPU computation
To accelerate computation speed, general purpose computing on graphics processing
units (GPGPU) is applied to the FE-BE coupling method using compute unified de-
vice architecture (CUDA). A graphics processing unit (GPU) (e.g. Geforce GTX580,
NVIDIA shown in figure 3.10) is usually equipped in computers to output image to
display devices. To compute 2D or 3D image datas quickly, GPU normally has many
processors specialized for image processing, which are called as streaming proces-
sors. In 2011 winter, high performance GPU has 5 hundred of streaming processors,
whereas central processing unit (CPU) has at most 12 cores which can be used for
general-purpose computations. Thus, we can say that GPU has specialized architec-
tures for vectorized computation. Another characteristics of GPU is that it has very
wide band-width memory compared to CPU, which allows to reduce memory access
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Fig. 3.9 Comparison with former numerical study of Walter et al. [88]. The
capsule is modeled as a oblate spheroid capsule with a/b = 0.5 and the NH law
is used for both studies. Capillary number is equal to 0.6 and the viscosity ratio
' = 1.0.
Fig. 3.10 GPU device: Geforce GTX580, NVIDIA
time. In 2006, NVIDIA corporation introduced computation library which is called
as CUDA for general purpose computing with GPU. CUDA has good compatibil-
ity with traditional C language, then many developers are now applying GPGPU to
computational fluid dynamics with CUDA. In this study, all computational proce-
dures, described in the previous sections, are performed on GPU device using CUDA
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Table. 3.1 Environments of GPU and CPU computations and numerical conditions
to accelerate the computation. It is hard to compare exact performance between
CPU and GPU computations, because exact knowledge of hardware architectures are
needed to optimize the computations, especially for optimizing CPU computations.
Besides, the performance strongly depends on its definition and the environment, in-
cluding numerical parameters such as the mesh number. We then simply compare
the computational time between CPU and GPU computation without optimization.
The computational time used for the comparison is defined as the time which is re-
quired for 1 computational time step. The principal numerical environments and
numerical conditions are shown in table 3.1. The computation speed with GPU is





Mechanical modeling of an
RBC membrane
4.1 Introduction
The model chosen to solve the solid mechanics of a capsule membrane plays a
key role in the global accuracy of the simulation. The membrane thickness of a
capsule is typically much smaller than the cell size. In such a case, one may average
the stress distribution across the thickness and assume the membrane to be a two-
dimensional (2D) sheet. Several 2D constitutive laws have been proposed to model
the mechanical behaviour of a hyperelastic surface. For example, the neo-Hookean
(NH) [35] law has been used for isotropic volume-incompressible rubber-like materials.
Area incompressible biological cell membranes are well modeled by the law introduced
by Skalak et al. [78] (SK). It is now generally accepted that SK law can be extended
to other types of hyperelastic materials, such as reticulated membranes that have low
resistance to area dilation [14].
The dynamic response of a capsule (initially spherical, ellipsoidal or biconcave) has
been extensively investigated for di!erent membrane constitutive laws. The capsule
deformation has been studied in various flow types, simple shear flow [25, 44, 46, 53,
69, 71, 73], Poiseuille tube flow [21, 22, 23, 49] and elongational flow [20, 24]. In
some rare cases, the bending sti!ness of the membrane has been taken into account
[45]. These previous studies have clarified the influence of the membrane law on the
capsule deformation.
CHAPTER 4. MECHANICAL MODELING OF AN RBC MEMBRANE
Many researchers have used discrete spring network models to represent the mem-
brane of capsules and biological cells. One of the main advantages of the spring
network models is the simplicity of the mathematical description. One can avoid the
numerical implementation of the complicated solid mechanics of the continuous mod-
els. In particular, spring network models have been used to model the membrane of
red blood cells (RBC), that consists primarily of a phospholipid bilayer and an elastic
spectrin network. From a mechanical point, the lipid bilayer strongly resists local
area change but the elasticity of the cytoskeleton enables the RBC to undergo large
extensional deformation while maintaining the structural integrity of the membrane.
Hansen et al. [36] have modeled the RBC membrane with an unstructured triangu-
lar network of identical linear springs. They have calculated the macroscopic elastic
shear modulus and area expansion modulus of the model and show that the mechani-
cal properties of the spring network depend on the network configuration. Their study,
however, is limited to small deformation. Navot [64] computed the strain energy of a
spring network model and compared it to NH law.
Spring network models have been used also to model the motion of red blood cells
in di!erent flows such as 2D pore flow [66, 75, 84], 2D rouleaux dynamics [90], tank-
treading behavior of a discocyte [85]. However, it is unclear whether modeling the
membrane with a spring network is su"ciently accurate to reproduce the complex
behaviour of capsules and cells. Furthermore, the values used for the spring models
are often empirical and obtained for small deformation.
In this chapter, we investigate the influence of the membrane model on the dynam-
ics of a capsule in flow. We thus compare a discrete spring network and di!erent
continuum membrane models in the domain of large deformations that are commonly
encountered for capsules or cells. Di!erent spring network configurations are consid-
ered that correspond to di!erent meshing strategies for a capsule membrane. We first
show how the spring constant must be adjusted so that a discrete spring model has
the same small deformation elastic properties as a continuum model and investigate
the e!ect of mesh resolution. We then show how the type of model used for the
membrane a!ects the large deformation behavior of an initially spherical capsule in a
simple shear flow.
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4.2 Models for a two-dimensional RBC membrane
4.2.1 Continuum models
When the thickness of a capsule membrane is small compared to the capsule dimen-
sions and typical radius of curvature, the membrane can be modeled as a hyperelastic
surface with negligible bending resistance and surface shear elastic modulus Gs, sur-
face Young modulus Es, surface Poisson ratio 4s, area dilatation modulus Ks. Of





, Es = 2Gs(1 + 4s) , (4.1)
For such an infinitely thin membrane, the principal components ,1 and ,2, of the
Lagrange in-plane deformation tensor are related to the two principal extension ratios
%1 and %2 by
,! = (%2! # 1)/2, 3 = 1, 2 (4.2)
Elastic stresses are replaced by elastic tensions that correspond to the forces per unit
arc length measured in the plane of the membrane. When the membrane is isotropic
in its plane, the principal directions of deformation and stress are co-linear. A simple
way to express the membrane constitutive law is thus to relate the two principal
tensions &1 and &2 to the two principal extension ratios %1 and %2 (Figure 4.1). The
Young modulus Es is obtained from a uniaxial stretching experiment, for example in




(%21 # 1) = Es,1. (4.3)
The area dilation modulus Ks is obtained from isotropic stretching (&1 = &2 = &) and
in the limit of small deformation is given by :
& = Ks(%1%2 # 1) = Ks&S/S, (4.4)
where &S/S is the relative area change.
A number of laws are available to model thin hyperelastic membranes. Each law
may model di!erent material behaviours under large deformation. It is therefore
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Fig. 4.1 Deformation of a 2D sheet along the principal axes. The broken and
solid lines represent the reference and deformed states of the sheet, respectively.
The deformation in the x1 direction is defined by the stretch ratio '1 or by the
displacement u1 (with similar definitions in the x2 direction). (1 and (2 are the
tensions in the x1- and x2-directions, respectively.
possible to reproduce the strain-softening of gelled membranes or the strain-hardening
of reticulated capsules with strong covalent links. For each law, we give only the
expression for &1 as a function of deformation. Tension &2 may be found by inverting
the indices 1 and 2. In the small deformation limit, all laws reduce to the two-




[%21 # 1 + 4s(%22 # 1)], (4.5)
where the surface Poisson ratio, 4s ']#1, +1[, is related to the area dilation modulus
Ks according to equation (4.1). An area-incompressible membrane thus corresponds
to 4s + 1.
The 2D neo-Hookean law (NH) describes the behavior of an infinitely thin sheet of










For small deformation, the correspondence between the material properties and the
law parameters is
Gs = GNHs , Es = 3Gs , 4s = 1/2 , Ks = 3Gs. (4.7)
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The law (SK) derived by Skalak et al. [78] for two-dimensional materials has inde-







(%21 # 1) + C%1%2(%21%22 # 1)
6
. (4.8)
For small deformation, the correspondence between the material properties and the
law parameters is







, Ks = Gs(1 + 2C). (4.9)
For large deformation, the condition &2 = 0 provides an expression of %2 as a
function of %1 that can be reported in equations (4.5), (4.6), (4.7) to provide the
expression of the tension &1 for the di!erent constitutive laws. For large uniaxial
deformation, the variation of &1 with ,1 is non linear. It can be shown that SK law is
strain-hardening, whereas NH law is strain-softening [8].
4.2.2 Spring network models
Consider a spring network to model the capsule membrane. A 2D sheet is discretized
as a network of springs, with frictionless hinges at the nodal points. We assume that
all the springs have the same elastic resistance proportional to the length change of
the springs. Four kinds of mesh configuration are used in this study. Triangular
meshes are often used to model the spectrin network of red blood cell membranes.
We discuss the e!ect of mesh topology on the mechanical properties of the network.
4.2.2.1 Nodal forces
In general Cartesian coordinates, the spring force f
ij
between two nodal points, i
and j, is equal to
f
ij








where ri and rj are the position vectors of the nodal points i and j, rij = rj # ri and
"r0,ij" is the equilibrium length between nodes i and j. The spring constant is k.
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Fig. 4.2 The material is discretized by 4 types of mesh: cross, cross centre,
regular triangle and unstructured.
4.2.2.2 Mesh Configuration
A 2D sheet in the (x1, x2) plane has initial length L1 and width L2. It is discretized
with four di!erent meshes (Figure 4.2). In the cross mesh (1), the membrane is dis-
cretized by squares with diagonal lines. This mesh is similar to the one used by Navot
[64] to discuss correlations between the spring network model and the NH law. In
the cross-centre mesh (2), nodal points are added at the intersections of the diagonal
lines. In the regular-triangle mesh (3), the mesh is based on regular hexagons with a
central node. An unstructured mesh (4) is created with the commercial mesh gener-
ator, Gridgen (ver. 15; Vinas Co., Ltd., Japan), based on the Delaunay triangulation
algorithm.
The initial boundary grid spacings &L1 and &L2 are given by &L1 = L1/n and
&L2 = L2/m, where n and m are the number of boundary segments in the x1- and
x2-directions, respectively. In this study, initial values of L1 and L2 are set to 1.0.
A nodal point is described by its initial position (X1, X2) and by x1(X1, X2) and
x2(X1, X2) in its deformed configuration.
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The L1L2 sheet is deformed by applying prescribed displacements at the edges
x1(0, X2) = #u1/2, x1(L1, X2) = L1 + u1/2, (4.11)
x2(X1, 0) = #u2/2, x2(X1, L2) = L2 + u2/2. (4.12)
4.2.2.3 Numerical computation of a spring network
The tension-strain relationship of 2D spring sheets is computed numerically for
uniaxial and isotropic deformation. Although we are only interested in the steady
state, it is numerically convenient to have a time-dependent term in the momentum
equation, so that one can use an explicit time-marching scheme. The momentum
equation at each node may be modified as the balance between an artificial damping






= F i, (4.13)
where 5 is the artificial damping coe"cient and vi is the velocity of node i. The viscous
term has no physical meaning and generates no force when the system reaches the
steady state. Using an Euler explicit scheme, the above equation can be discretized
as




where &t is the time step. The convergence of the numerical simulation is defined by
max[
ri(t +&t) # ri(t)
&t
] , 10!12. (4.15)
The boundary conditions are those provided by (4.11) and (4.12) with u2 = 0 for
uniaxial deformation and u1 = u2 = u for isotropic deformation. Once the deforma-
tion reaches a stable state, it is easy to calculate the principal extension ratios %1 and
%2 and the relative area change &S/S0.
4.2.3 Relation between spring network and continuum models
We analyze the mechanical properties of the discrete spring network model within
the context of continuum models. The boundary conditions (4.11) and (4.12) imposed
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on the discrete model correspond to %1 = (L1 + u1)/L1 and %2 = (L2 + u2)/L2. The










where Fi,1 represents the x1-component of the total spring force F i acting on node
i and Fj,2 its x2-component. In the limit of small deformation the relation between
tensions and deformation yields the values of Gs and 4s as a function of k.
4.3 Deformation of a 2D spring sheet
We first investigate the deformation of a 2D material under uniaxial or isotropic
extension. We derive analytically the Poisson ratio, Young modulus and area dilation
modulus of a spring network model in the small deformation limit and we compare
those parameters with their values for continuum constitutive laws. We then compare
numerically the stress-strain relationship between the discrete spring network and
continuum models in large deformation.
4.3.1 Analytical solution in the small deformation limit
We consider an infinitely fine spring network and derive the relation between force
and deformation for a single inner mesh (i.e. far from the edges), assuming that all
the mesh elements are identically deformed so that the forces acting on the nodes are
symmetric. For the sake of simplicity, we only detail here the derivation of the elastic
constant for a cross mesh element; the material properties can be similarly derived
for other mesh types using the same procedure.
The springs numbering is shown in Figure 4.3. Spring 1 is orientated in the x1-
direction, spring 2 in the x2-direction and spring 3 along the cross direction. The
initial angle between springs 1 and 3 is 00. Let the initial length of springs 1, 2, and
3 be respectively l0, w0 and L0 = (l20 + w20)1/2.
The spring network is deformed from l0 to l0 +&l (|&l| - l0) in the x1-direction
and from w0 to w0 +&w (|&w| - w0) in the x2-direction. We also have
(L0 +&L)2 = (l0 +&l)2 + (w0 +&w)2, (4.17)
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Fig. 4.3 Numbering of the springs that are taken into account to calculate the
forces acting on a node for homogeneous mesh deformation: (a) springs 1, 3 and
3’ contribute to the x1-force component (b) springs 2, 3 and 3” contribute to the
x2-force component. Springs 3’ and 3” are the counter part of spring 3, generated
by the periodic boundary condition. The initial lengths are l0 for spring 1 and





initial angle between springs 1 and 3 is #0.
where &L is the length change of spring 3. In the small deformation limit, after





For homogeneous deformation, the components of total spring force F acting at the
nodal point is due to springs 1, 3 and 3’ in the x1-direction and to springs 2, 3 and
3” in the x2-direction (Figure 4.3):
F1 = k&l + 2k&L cos(00 +&0), (4.19)
F2 = k&w + 2k&L sin(00 +&0), (4.20)
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4.3.1.1 Uniaxial and isotropic deformation
The spring network is first stretched in the x1-direction under an external tension
&1, while &2 = 0. The transverse displacement &w can be deduced from equation
(4.20):
&w/&l = # 2l0 sin 00
L0 + 2w0 sin 00
. (4.22)










Substituting (4.22) into (4.19), we obtain the expression of F1 as a function of &l,





L0 + 2w0 sin 00 + 2l0 cos 00




In another experiment, the spring network is stretched in the x1- and x2-directions





L0l0 + 2l20 cos 00 # 2l0w0 sin 00
L0w0 + 2w20 sin 00 # 2l0w0 cos 00
, (4.25)
&S/S = &w/w0 +&l/l0. (4.26)
The tension & is deduced from equation (4.21)
& = 2
L0 + w0 sin 00 + l0 cos 00









l0w0(L0 + 2w0 sin 00 + 2l0 cos 00)
L30 + 2l30 cos 00 + 2w30 sin 00 # 2l0w0(l0 sin 00 + w0 cos 00)
k. (4.28)
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Table. 4.1 Relationship between the spring constant k, Young modulus Es and
Poisson ratio )s in the small deformation limit for a 2D material under uniaxial
deformation. The material is discretized by 3 types of meshes and subjected to
homogeneous deformation. The arrows indicate the directions of extension.
Table. 4.2 Relationship between the spring constant k and area dilation modulus
Ks in the small deformation limit for a 2D material under isotropic deformation.
The material is discretized by 3 types of meshes and subjected to homogeneous
deformation. The arrows indicate the directions of extension.
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4.3.1.2 Influence of mesh topology
The small deformation analytical expressions of Young modulus Es, Poisson ratio
4s and area dilation modulus Ks are given in Tables 4.1 and 4.2 for cross, cross-
centre and regular triangle meshes undergoing homogeneous deformation. A number
of conclusions can be drawn:
• A non isotropic mesh (l0 (= w0) leads to anisotropic elastic properties for the
membrane. It can be easily checked that the values of Es and 4s would be
di!erent from (4.23) and (4.24) if the uniaxial stretching were applied along
the x2-direction rather that the x1-direction.
• An isotropic membrane must therefore be modelled with an isotropic mesh
(l0 = w0, 00 = (/4 for cross and cross center).
• Even for an isotropic mesh, the Poisson ratio depends on the mesh geometry as
is apparent from Table 4.1. The Young modulus, and thus the shear modulus
Gs, also depend on the mesh geometry and are proportional to the spring
constant.
4.3.2 E!ect of mesh size
To investigate the influence of the mesh-resolution in the small deformation limit, we
compute numerically the ratio between the spring constant and the elastic properties
for isotropic meshes with di!erent grid-spacing, l0 = &L, ranging from 0.003 to 1.0.
We follow the numerical method explained in section 4.2.2 and apply it to cross,
cross-centre and unstructured meshes.
Figure 4.4 shows the values of k/Es and of k/Ks as functions of mesh size, obtained
for the three networks. It is clear that the geometry and size of the mesh have an
influence on the results. This is due to the fact that when the mesh is coarse, the
hypothesis of a homogenous deformation of the individual meshes becomes wrong (a
direct consequence of the Saint-Venant principle). There is then a significant influence
of the boundary conditions at the sample edges.
For cross and cross-centre settings, as the mesh is refined, the values of k/Es and
of k/Ks converge towards the analytical values for homogeneous isotropic meshes
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given in Tables 4.1 and 4.2. The deviation from the analytical value is less than 1
% when &L < 0.025. The Poisson ratio, inferred from k/Es and of k/Ks, is also in
good agreement with the analytical values. The case &L = 1 corresponds to a single
mesh. For a cross and cross-centre mesh, k/Es is then equal to 0.375 and 0.417,
respectively. These values are obtained by following the method of section 4.3.1 and
applying non-symmetric boundary condition.
Mesh convergence is also found for the unstructured mesh. For &L = 0.005, the
maximum relative variation for k/Es or k/Ks is less than 0.1%. However, the con-
verged values of k/Es and of k/Ks for the unstructured mesh are smaller than the
analytical solution for the regular triangle. Both meshes would still be expected to
behave similarly, as they are both constructed with triangle meshes, each node being
connected to six springs. The di!erence in the spring constant between the regular
triangle and unstructured meshes is therefore likely to be due to the random departure
from exact isotropy of the unstructured mesh. The Poisson ratio, however, is equal
to 1/3 as predicted for the regular triangular mesh. Similar results have been reached
by Hansen et al. [36] who showed that the detailed geometry of an unstructured
triangular mesh had an influence on the bulk elastic properties of the sheet.
4.3.3 Comparison of spring network and continuum models
We compare the small deformation mechanical properties of spring network models
with an isotropic mesh and the constitutive laws NH and SK. Recall that the Poisson
ratio of a spring network is determined by the mesh configuration and is independent
of k. For the homogeneous square cross mesh, the Poisson ratio (4s = 1/2) is equal
to that of a SK (C = 1) or NH membrane according to equations (4.7) and (4.9).
If the spring constant is further set to k/Gs = 2, the small deformation mechanical
properties Es, Gs and Ks of the square cross mesh model are identical to those of
a NH or of SK (C = 1) membrane. In the case of the square cross-centre mesh and
the regular triangle mesh with periodic boundary conditions, the Poisson ratio is 1/3,
which corresponds to the Poisson ratio of a SK law with C = 1/2. By adjusting
k/Gs = 2 for the cross-centre mesh and k/Gs = 4/
)
3 for the regular-triangle mesh,
the mechanical properties of the spring network models coincides with these of a SK
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Fig. 4.4 Spring constants as a function of initial grid spacing for several mesh
types under (a) uniaxial extension and (b) isotropic extension. A single mesh
corresponds to #L = 1.When the mesh is refined, the spring constant converges
to the analytical value for an homogeneous network.
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(C = 1/2) law. It is not possible to match the mechanical properties of a square
cross-centre model with those of a NH membrane.
4.3.4 Large deformation
We now compare numerically the tension-strain relationships of a spring network
discretized with square cross, cross-centre and unstructured meshes and a continuum
model under large uniaxial and isotropic deformation. In all the cases, we use a small
enough mesh to ensure a constant ratio between k and Gs (&L = 0.003 for the cross
and cross-centre mesh and &L = 0.005 for the unstructured mesh).
The tension-strain relationships are shown in Figure 4.5(a) for several membrane
models under large uniaxial elongation. We note that SK law is strain-hardening while
NH law is strain-softening, as mentioned earlier. The cross mesh model exhibits a
strain-hardening behaviour similar to SK law. However, the cross-centre and unstruc-
tured meshes have a quasi-linear tension-strain relationship, similar to Hooke’s law,
even for large deformation.
The isotropic tension-area dilation relations are shown in Figure 4.5(b). All three
spring network models are strain-softening. This can be explained by considering the
isotropic deformation of a regular triangle with initial length l0. The initial surface
area is S0 =
)
3l20/4. When all the springs are equally elongated from l0 to l0 +&l,
the deformed surface area is S =
)


















This equation shows that the relationship between relative area change and spring
force is quadratic, yielding a strain-softening behaviour. In a similar manner, the
same strain-softening behaviour can be predicted for square-mesh cases.
When modeling biological cell membranes, such as a red-blood-cell membrane, lo-
cal area dilation resistance has to be enforced. In the spring network model, the
53
CHAPTER 4. MECHANICAL MODELING OF AN RBC MEMBRANE
Fig. 4.5 Tension-strain relationship under (a) uniaxial elongation and (b)
isotropic dilation for continuum and spring models
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membrane always shows a strain-softening behavior and imposing the local area in-
compressibility is impossible. Thus a simple spring model does not seem appropriate
to simulate the behavior of an area incompressible biological cell membrane.
4.4 Inflation of a capsule
When a spherical capsule is inflated by a radial pressure di!erence between the
inside and outside of the membrane, its membrane is under in-plane traction. In
this section, we are interested in checking whether the curved surface of the capsule
influences the conclusions found for a flat 2D membrane in the previous section.
It has been observed earlier that the grid of the spring network model must be
isotropic in order to reproduce isotropic material properties. It is, however, impossible
to generate an isotropic mesh on a spherical surface such as the membrane of a capsule.
The most regular mesh that may be generated for a sphere is a regular icosahedron.
The triangles of the icosahedron are successively divided into four triangles and the
new nodes are projected onto the sphere at each step. The process is repeated until
the desired mesh size is obtained. In this section, the capsule membrane is discretized
with 1280 triangle elements.
We set as boundary condition a uniform stretched radius + = +0 +&+, where +0 is
the initial radius of the capsule and &+ is the radius change. The positions of all the
nodal points are therefore fixed. For the continuous-membrane model, the tension
& in the membrane can be calculated by the Laplace equation & = +&p/2, where
&p is the pressure jump between the inner and outer sides of the membrane. In the
case of the discrete spring model, we assume the equilibrium between the average
pressure jump across the membrane and the component of the spring force normal to






F i · ni, (4.31)
where +ave is the average radius of the capsule and ni is the outward normal unit
vector to the surface at node i. The surface area S of the discrete spring model is
calculated by summing the surface areas of all the triangles.
The spring constant of the capsule membrane is adjusted, so that it coincides,
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in the small deformation limit, with the value of Ks/Gs of the SK law with C =
1/2. The tension-strain curve can be perfectly superimposed onto the results found
under 2D isotropic deformation with the cross-center and unstructured meshes. Mesh
refinement has not been seen to have an e!ect on the results, indicating that the mesh
convergence is reached. From these results, we conclude that, for isotropic extensions,
previous findings on the mechanical properties of flat 2D spring sheet can be applied
to curved surface membranes and therefore to the study of capsule inflation.
4.5 Capsule in simple shear flow
We now consider the capsule is freely suspended in a Newtonian fluid with the same
viscosity µ and density as the internal Newtonian fluid. With respect to axes centered
on the capsule center, the undisturbed flow velocity field v" of the external fluid is
given by




3 = 0, (4.32)
where *̇ is the shear rate of the external fluid.
For the spring network model, Ca is calculated assuming k/Gs = 4/
)
3, as discussed
in the previous section 4.3.3. In order to cover a wide range of physical situations,
we vary Ca from 0 to 3.5 and use either NH or SK law for the continuum model. We
then discuss the di!erence between spring network and continuum constitutive laws.
4.5.1 Membrane mechanics with spring network
Owing to the small dimensions of the particle, the particle Reynolds number is very
small and the Stokes equations apply for both the internal and external fluid motion.
Then, the velocity field v at any point x is given by the integral equation, which is
described in the chapter 2. When we solve the membrane equation with a spring
network model, the spring forces are calculated by equation (4.10). The load q in











where the summation is done on all the adjacent nodes and dAi is the surface area
calculated as follows. Let point gj be the centre of gravity of the element ej , which is
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surrounding point i. dAi is calculated by summing up triangles daj,j+1 made by the





where ni is the number of elements connected to node i.
4.5.2 Numerical method
Equation (2.27) is solved with a boundary-element method following the method
by Lac et al. [46, 47]. A structured quadrilateral grid based on spherical coordinates
is used and the di!erent quantities are interpolated with bi-cubic B-spline functions.
The presence of poles connected to multiple nodes leads to a singularity for the solid
mechanics problem, which is then solved on an unstructured triangular mesh. We
therefore use an interpolation scheme to transfer the physical quantities between the
triangular mesh used for the solid problem (Figure 4.6b) and the quadrilateral mesh
used in fluid problem (Figure 4.6a). In this study, we use a first-order interpolation.
Any quantity of the quadrilateral mesh can be projected onto the triangular mesh.
Let point i be in the triangle defined by the nodes i1, i2, i3 (Figure 4.6c). A function
f at point i takes the value f(i) = A23f(i1) + A31f(i2) + A12f(i3), where A!" is the
ratio of the triangle surface area made by points i, i! and i" to the triangle surface
area made by points i1, i2 and i3. In a similar manner, physical quantities on the
triangular mesh can be interpolated using those on the quadrilateral mesh.
At any given time t, we know the displacement of the membrane, so that the load q
on the membrane can be calculated. The integral equation yields the new velocity field
and the membrane positions are updated using an explicit fourth-order Runge-Kutta
method.
The non-dimensional time step *̇&t is set at 0.005 and the procedure is stopped
when the dimensionless time *̇t is equal to 20, which is larger than twice the time
needed for the deformation of the capsule to reach the steady state.
The steady state three-dimensional deformation of the capsule can be measured
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Fig. 4.6 (a) Quadrilateral mesh used in fluid solver and (b) triangular mesh
used in solid solver. (c) To transfer physical quantities between the two, we use
a first order interpolation. Example of a nodal point i of the quadrilateral mesh
that is projected onto the triangular mesh.
using the Taylor parameter
D"ij =
|'i # 'j |
'i + 'j
, for i, j = 1, 2, 3, (4.35)
where '1, '2, and '3 denote the three semi-axis lengths of the ellipsoid of inertia of
the deformed capsule, used to estimate the capsule deformation [73].
The mesh convergence is verified by changing the mesh size. We have considered
a discretization of the membrane with 1280 triangle elements for the solid solver
and 3200 quadrilateral elements for the fluid solver as well as a refined mesh with
5120 triangular and 5000 quadrilateral elements. The maximum change in the Taylor
parameter between the two cases is less than 1%. Since the Taylor parameter has
converged for the mesh with 1280 triangular and 3200 quadrilateral elements, we will
consider these mesh elements for the capsule with spring network membrane.
4.5.3 Deformation of a capsule in shear flow
Figure 4.7 shows the Taylor parameter as a function of Ca for capsules with NH and
SK membrane (Lac et al. results [46]), as well as with a spring network membrane. For
a capsule subjected to strong flow (large Ca), the deformation of a capsule enclosed
by a spring network is larger than that of a capsule enclosed with a SK C = 1/2
membrane, although the two membranes have the same mechanical properties in the
small deformation limit. This is due to the fact that the spring network is strain-
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softening under large deformation, whereas the SK C = 1/2 membrane is strain-
hardening.
However, since the bending rigidity of the membrane has been neglected, the mem-
brane is mechanically stable only if it is under tension everywhere. The study of the
sign of the principal tension & in the membrane provides a way to evaluate the stability
of the equilibrium state which is computed : if the minimum value &min is negative,
the membrane is under compression somewhere on its surface and the equilibrium is
unstable. Lac et al. [46] and Walter et al. [87] find that the membrane is under
tension and thus mechanically stable for a limited range of capillary numbers where
&min > 0. We denote CaL and CaH the two critical capillary numbers defined by
&min(CaL) = &min(CaH) = 0, CaL , CaH . When Ca < CaL, the initially spherical
capsule is extended by the flow in the principal straining direction (oriented at (/4
with respect to the streamlines). The capsule being a closed shape with a constant
volume, it is thus compressed along the equator and tends to buckle in this area.
When Ca > CaH , the compression zone appears near the tip of the capsule and is
due to the high curvature of this region.
We also observe low-shear (in the equator area) and high-shear (near the tips)
oscillations of the normal load using a spring network as shown in figure 4.8. Such
oscillations indicate a tendency towards buckling. As it is impossible to compute
principal tensions in the case of a discrete spring network model, we have determined
limits Ca#L and Ca#H on the basis of the sign of the normal component of surface load
by means of the conditions q(Ca#L) ·n = q(Ca#H) ·n = 0, Ca#L , Ca#H . This condition
is less stringent that the one on the negative principal tensions, as the membrane may
be under compression but not oscillate because of numerical sti!ness. As a result we
find :
Ca#L = 0.3, Ca
#
H = 1.0,
whereas Lac et al. [46] find a smaller range of stability for a Sk law with C = 0.5.
Ca#L = 0.8, Ca
#
H = 1.2,
Although the two criteria are di!erent, they provide a stability range which is roughly
of the same order of magnitude.
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Fig. 4.7 Evolution of the Taylor deformation in the shear plane, with the cap-
illary number Ca for capsules with NH, SK and spring network membranes.
The occurrence of negative principal tensions with a continuum membrane model
or of normal load oscillations with a spring network, all denote that the membrane
is undergoing compression and thus might buckle. This phenomenon is controlled by
the bending resistance of the membrane. Here, we have not included any bending
sti!ness in the membrane model and as a consequence, we cannot model the actual
buckling. However, the membrane has some numerical sti!ness that prevents it from
collapsing and allows us to compute the motion of a capsule even when compression
occurs. Since, the aim of this study is to compare the discrete spring network model
and 2D in-plane constitutive laws, we do not discuss any further the e!ect of the
bending sti!ness on the deformation of the capsule in this study.
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Fig. 4.8 (Color) Deformation of the capsule with a spring network model under
Ca = 0.013, 0.6, 3.0. The background shear is applied in the x1!x2 plane, where
x1 is taken in the flow direction. The color scale represents the normal component
of the load.
4.5.4 Comparison with former experimental studies
Deformation of an artificial capsule in a simple shear flow was investigated experi-
mentally [15, 86]. In the work of Chang et al.[15], the capsule had a nylon membrane,
was filled with a silicon oil and was suspended in polybutene. The viscosity ratio of
the internal to external liquids % was about 0.004. In the work of Walter et al. [86]
the capsule membrane was made from polyamid (4-Aminomethyl-1,8-diaminooctane)
and the viscosity ratio % was 0.001. In order to have similar % values with the ex-
periments, % is set as 0.002 in the numerical simulations. In those two experimental
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studies, the membrane Young modulus Es was measured. To compare the experi-
mental and numerical results, a capillary number CaEs is defined based on the Young
modulus as CaEs = CaGs/Es.
The Taylor parameter is shown as a function of capillary number in figure 4.9.
The behaviour of SK C = 1 is similar to nylon capsule (indicated as ”Chang et al.”
in figure 4.9) in wide range of capillary numbers. In the case of polyamid capsule
(”Walter et al.” in the figure), the Taylor parameter has higher values than those of
the nylon capsule. By employing proper continuum model with an appropriate model
parameter, experimental results can be well captured. In the case of the simple spring
model, it is di"cult to express various experimental results by adjusting the spring
constant. Thus, continuum models have broader applicability to actual experimental
situations.
4.6 Conclusions
In this chapter, we have compared the mechanical properties of a membrane mod-
eled with continuum constitutive laws and a discrete spring network under various
conditions: uniaxial and isotropic deformations of a 2D membrane, inflation of a cap-
sule and deformation of an initially spherical capsule in a simple shear flow. The
results have shown that the mechanical properties of spring networks are strongly
dependent on the mesh configuration.
In the small deformation limit, the mechanical properties of the spring network
model may be predicted analytically. It is found that, the spring network model
has anisotropic mechanical properties in general. However isotropic meshes have
mechanical properties that converge towards those of an isotropic material. To express
isotropic elasticity using a spring network model, the mesh must therefore be isotropic
and su"ciently fine, relative to the variation of the stress field. Moreover, in the small
deformation limit, we observe that the behaviour of the spring network with a fine
square cross mesh is similar to NH and SK C = 1, (Es = 3.0Gs, 4s = 1/2), by
adjusting k/Gs = 2.0. Square cross-centre and regular-triangle meshes are similar to
SK C = 1/2 (Es = 8/3Gs, 4s = 1/3), by adjusting k/Gs = 2.0 and k/Gs = 4/
)
3,
respectively. These correlations are important, because one can determine the spring
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Fig. 4.9 Taylor parameter as a function of capillary number CaEs . CaEs is de-
fined by using Young modulus instead of shear modulus. Viscosity ratio between
internal and external liquids is set as ' = 0.002 in the numerical models, whereas
' " 0.004 and 0.001 in the paper of Chang et al. and Walter et al., respectively.
(Note; the error bars for the two experimental results do not represent standard
deviations but the maximum and minimum values in the experiments.)
constant by performing conventional mechanical experiments.
In large deformation, the stress-strain relationship under isotropic elongation shows
a strain-softening behaviour for all mesh types, and it is di"cult to express the area-
incompressible property. For a capsule in a simple shear flow, we also confirm that
a spring network cannot express the D"12 # Ca correlation of a capsule with an area-
incompressible membrane. Thus, to express a biological cell membrane, we need to
choose a membrane model that can express the local area incompressibility, such as





Single RBC in shear flow
5.1 Introduction
Flow-induced deformation of RBCs a!ects the cell ability to release various
molecules and regulate their concentration in blood [34]. In particular, when RBCs
are strongly deformed by the surrounding fluid flow, they release ATP and ADP
[3, 89]. ATP is a well-known energy source for intracellular functions, and extracellu-
lar ATP plays an important role as a signaling molecule in a variety of physiological
processes [89]. In addition, ADP is known to be a factor in the primary aggregation
of platelets [3]. Flow-induced deformation may also lead to RBC rupture, called
hemolysis. There is no doubt that some causal relation between the stress level in the
membrane and hemolysis exists. Thus, clarification of the stresses in the membrane
is crucial towards understanding the physiology and pathology of microcirculation.
As the membrane is very thin, we can consider only the deformation of its median
surface. Furthermore, the stresses can be integrated across the thickness and be
replaced by tensions.
A number of studies have investigated the motion of a single RBC in a shear flow
analytically [79] and numerically [48, 70, 73]. Skotheim & Secomb [79] analytically
investigated the motion of an RBC in shear flow. In their study, the RBC was
modelled as a two dimensional biconcave disk and its deformation was omitted. They
showed that the RBC rotates like a solid particle at low flow strength, which is called
as tumbling motion. At high flow strength, on the other hand, the membrane rotates
around the cell shape with constant inclination angle, called as tank-treading motion.
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They also reported the tumbling-to-tank-treading transition occurred in moderate
shear rate with various viscosity ratio of internal and external liquids. Ramanujan &
Pozrikidis [73] first reported a 3D computation of the RBC in a simple shear flow.
The RBC was modelled as a capsule with a hyper-elastic membrane and its reference
shape was assumed as a biconcave disk. The non-spherical reference shape leads
anisotropic membrane properties, yields a periodic shape oscillation during the tank-
treading motion. In their study, however, the computation was unstable to achieve
enough long computational time, because of some numerical instabilities, and only
few results were discussed in the paper. Le et al. [48] also compared the motion and
deformation of a biconcave disk with those of an oblate capsule in a simple shear
flow using an immersed boundary method, though only few results with non-identical
viscosity ratio were reported. Thus, in order to fully understand the kinematics of
an RBC, further analysis with various viscosity ratio and shear rate conditions are
needed.
In physiological conditions, resting shape of an RBC is a biconcave disk, which is
strongly anisotropic and orientation of the RBC must be concerned when it is sub-
jected to shear flow. About a century ago, Je!ery analytically derived the motion of
a non-Brownian ellipsoid particle with arbitrary orientation in creeping linear back-
ground flow [41]. Since then, Je!ery’s theory has been used to describe the alignment
of rods and ellipsoids, such as carbon nanotubes [37], liquid crystal [63], bacteria [42],
and platelets [62]. The theory states that the trajectory of a non-Brownian rigid el-
lipsoid in Stokes flow is invariant under time reversal and that reorientation over long
time duration does not occur under simple shear flow conditions. The time reversibil-
ity can be destroyed by introducing inertia e!ects [94] or visco-elastic properties of the
surrounding fluid [40], because the motion is no longer independent of time in these
cases. However, the e!ect of particle deformability on the time reversibility is not
well clarified. Many capsules in realistic situations are not perfect spheres because of
the inhomogeneity of the membrane properties or folding due to unbalanced osmotic
pressure. If one places a non-spherical capsule in creeping shear flow, how does the
orientation change relative to the flow field over long time duration? Je!ery specu-
lated that an ellipsoid may alter its orientation so that the viscous energy dissipation
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of the system becomes minimal [41]. However, this may not be true for a capsule
with large deformation. Although many former experimental and numerical studies
[1, 5, 29, 73, 88] have examined the dynamics of a non-spherical capsule in shear flow,
as well as the RBC type biconcave disk, none of them can answer this question.
Moreover, no study has thoroughly examined the elastic tensions of the membrane
despite their relevance to understand the RBC physiology and pathologies. Pozrikidis
[70] only investigated the tension on the RBC membrane in the tumbling regimes
using a boundary element method: he found that compressive tensions appear on
the membrane during tumbling. In his study, however, the large deformation of the
RBC was not considered. To the best of our knowledge, all other former studies only
discussed the kinematics and shape of RBCs.
Not only dynamics of the RBC itself but macroscopic rheological properties of the
RBC suspension are also important. It is well known that blood is a dense sus-
pension of RBCs and its macroscopic rheological properties strongly depend on the
microscopic behaviour of RBCs in a solvent fluid. To determine the relation between
the macroscopic rheological properties of a suspension and its microscopic behaviour
of small particles, Batchelor [10] analytically introduced the stress system in a sus-
pension of force-free particles. Which is called as stresslet or particle stress tensor
and Pozrikidis and his coworker [68, 73] applied it to capsule suspensions to show
the e!ective stress tensor for a dilute suspension of spherical capsules. Although
many researchers have investigated the dynamics of the concentrated suspension of
capsules, as well as RBCs, in tubes or rectangular channels numerically and experi-
mentally [4, 30, 72, 96], none of them clarified the detailed stress system, i.e. particle
stress tensor, of the RBC suspension, because these former studies only discussed the
macroscopic rheological properties with apparent viscosity or velocity profiles of the
RBC suspension.
In this chapter, we investigate the kinematics and rheology of a single RBC in
creeping shear flow and results are applied to rheological properties of a dilute sus-
pension of RBCs in shear flow. In section 5.3.1, we compute the kinematics of the
RBC subjected to di!erent capillary number Ca and viscosity ratio % to investigate
the phase transition of tumbling to swinging motion. In section 5.3.2, we investigate
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Fig. 5.1 Schematic illustration of a capsule in (a) simple shear flow, (b) steady
planar elongational flow and (c) oscillatory planar elongational flow.
reorientation phenomena of a spheroidal capsule and RBC. Next, we investigate the
deformation and membrane tension of the RBC with various Ca and % condition and
discuss the rheological properties of a dilute suspension of RBCs. Finally, we conclude
this chapter in section 5.5.
5.2 Problem statement
An RBC is modeled as a capsule with a hyper-elastic membrane with surface shear
elastic modulus Gs and area dilation modulus Ks. The SK law with C = 10 is em-
ployed for the membrane to express the area incompressibility of the RBC membrane.
The finite element method is used to solve the membrane mechanics. We assume that
an RBC is filled with an incompressible Newtonian fluid with density ' and viscosity
%µ and freely suspended in another Newtonian fluid with the same density ' but vis-
cosity µ. Due to the small scale of the RBC, we also assume that flow is a Stokesian,
i.e. inertia free, and the flow is solved by the boundary element method. Throughout
this chapter, we use a linear element with 1280 or 5120 meshes for the membrane.
In a Cartesian reference frame with the RBC center as origin, the undisturbed






where e and ( are the rate of strain and rotation tensor, respectively. In this chapter,
we use three types of background flow: (a) a simple shear flow given by e12 = e21 =
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Fig. 5.2 Orientation of an RBC: (a) Angle &(t) is defined as the angle between
the unit vector pointing to a material point on the membrane P and the x1-axis.
*(t) is the inclination angle of the capsule. (b) Angle #(t) is defined as the angle
between the the unit vector pointing to a material point on the membrane Q and
the x3-axis. The material points P and Q are initially located on the x1-axis
with x1 > 0 and the revolution axis of the spheroid ellipsoidal capsule or the
biconcave disk, respectively. Initial orientation of the RBC with (c)#0 = 0, (d)
#0 = +/4 and (e) #0 = +/2 in the (x1, x2)-plane. Arrows in figures (c), (d) and
(e), for instance, indicate the flow direction of a simple shear flow. Black and
blue dots represent the material points P and Q, respectively.
(12 = #(21 = *̇/2 (all the other components = 0), as shown in figure 5.1(a); (b) a
steady planar elongational flow given by e11 = #e22 = *̇ (all the other components
= 0), as shown in figure 5.1(b); (c) an oscillatory planar elongational flow given by
e12 = e21 = %̇2 cos2t (all the other components = 0), as shown in figure 5.1(c). Here,
*̇ is the shear rate or the elongational rate, t is the time and 2 is the angular velocity
of the flow, which is correlated to the oscillation period T as 2 = 2(/T . The capillary
number is given by Ca = µ+*̇/Gs, where + is the radius of a sphere which has the
same volume as the ellipsoid or the biconcave disk.
To determine the RBC orientation e"ciently, we define three di!erent angles. Mate-
rial points P and Q are initially located on the x1-axis with x1 > 0 and the revolution
axis of the spheroid ellipsoidal capsule or the biconcave disk, respectively. Angle 3(t)
is defined as the angle between the unit vector pointing to the material point on the
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membrane P and the x1-axis and 6(t) is the inclination angle of the RBC (cf. figure
5.2(a)). Angle 0(t) is defined as the angle between the the unit vector pointing to the
material point on the membrane Q and the x3-axis (cf. figure 5.2(b)). In this study,
the initial angle 00 is set to 00 = 0,(/4, or (/2, as shown in figure 5.2(c), (d) and (e),
respectively. The angle 3(t) and 6(t) are also initially set to 3(0) = 6(0) = 0 in all
cases. To calculate the deformation of the RBC, we also define the semi-axis length
L1 and L2 as the major and minor lengths of the deformed RBC in the shear plane
(e.g. the length L1 is shown in figure 5.2(a)), and L3 as the semi-axis length towards
the x3-direction.
Consider now rheological properties of a dilute suspension of RBCs. To identify
the relation between the macroscopic viscous stress tensor of the particle suspension
and the microscopic particle behaviour, Batchelor [10] analytically derived the stress
system of the suspension:
) = #pI + 2µe + )(p), (5.2)
where ) is the viscous stress tensor of the suspension, p is the pressure, µ is the
viscosity of a solvent, e is the rate of strain, respectively. Here, )(p) is the particle







where V is the domain volume, Nc is the number of particles within V , and Si is
the stresslet generated by i-th particle. Pozrikidis [68] analytically introduced the






(qx + xq) # µ(1 # %)(vn + nv)}dAi, (5.4)
where q is the viscous load on the membrane, v is the velocity and n is the unit
outward normal vector to the surface Ai. The summation in (5.3) over a large number
of capsules in the volume V is equivalent to Nc times an average of the stresslet over
all configurations of the surrounding capsules, it may be given by the form:
)(p) = n.S/. (5.5)
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Here, the bracket representation .f/ indicates that the ensemble average of fi and
n(= Nc/V ) is the number density of capsules, which correlates to the volume fraction
of the capsules ! as ! = 43(+
3n. In the case of a suspension which is so dilute (! - 1)
that the fluid motion near one capsule is independent of the presence of the other
capsule, it is a simple matter to determine the force dipole strength .S/. Using a
leading approximation to the particle stress tensor for a dilute suspension of capsules,







! + O(!2). (5.6)
In section 5.4.3, we investigate the e!ective coe"cient of the particle stress tensor,
which has the order !, using the first term in the right hand side of (5.6).
5.3 Kinematics of an RBC in creeping shear flow
In this section, we investigate the kinematics of an RBC in shear flow. First,
tumbling and swinging motion of the RBC in simple shear flow are shown and discuss
the tumbling-swinging transition phenomena. Next, we investigate reorientation of
an oblate spheroidal capsule, as well as the RBC, in creeping shear flow.
5.3.1 Tumbling, swinging, and transition
Profiles of the deformed RBC in shear plane during a half time period in steady
state with Ca = 0.002, 0.06 and 3.0 are shown in figure 5.3. For all cases, the viscosity
ratio % equals to 1 and the initial angle of 0 is 00 = (/2. In very low capillary number
regime (Ca = 0.002, figure 5.3(a)), external fluid stress cannot overcome the elastic
energy barrier of the membrane, so that the RBC rotates like a quasi-rigid body,
which is called as tumbling motion. In high capillary number regime (Ca = 3.0, figure
5.3(c)), on the other hand, the membrane is elongated towards the flow direction and
shows tank-treading motion. During the tank-treading motion, the shape of deformed
RBC oscillates periodically, due to the anisotropic properties of the reference shape
of the membrane. This type of cell oscillation is called as swinging motion, which was
also found in former experimental [1] and numerical studies [48, 73, 82] of an RBC
in shear flow. When Ca = 0.06 (figure 5.3(b)), the RBC is exerted by compressive
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Fig. 5.3 Time sequence of the RBC in simple shear flow during a half periodic
time in steady states with Ca = (a)0.002, (b)0.06 and (c)3. The viscosity ratio '
is set unity and the initial angle of # is #0 = +/2 in all cases. Numbers represented
in each figure are non-dimensional time ,̇t. The material points P and Q defined
in figure 5.2 are indicated as black and blue dots on the membrane.
stress and membrane folding is observed. In this case, the shape of the RBC becomes
quasi-circular profile in the shear plane (*̇t = 26.0 in the figure) and we do not see the
obvious major-axis of the RBC in shear plane. The quasi-circular profile in the shear
plane was also found in former numerical studies of an ellipsoidal capsule [44, 88] and
experimental studies of a vesicle [19]. Even in the case of the RBC type biconcave
disk, we observe the quasi-circular profile in the shear plane, and we define that such
a motion is called as a tumbling-swinging transition.
For more detailed analysis of the RBC motion, the angle 6 during the period with
% = 1 and 3 are shown in figure 5.4. For all cases, 00 = (/2. In tumbling regime
(Ca = 0.002, figure 5.4(a)), the RBC rotates like rigid particle, thus the angle 6 always
corresponds to 3. Two lines with % = 1 and 3 overlap, and continuously change from
#(/2 to (/2. In swinging regime (Ca = 3.0, figure 5.4(c)), 6/( oscillates slightly
around a mean value about 0.08 (% = 1) or 0.04 (% = 3). In transition regime
(Ca = 0.06, figure 5.4(b)), the curves of angle 6 is no longer continuous and the
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Fig. 5.4 Inclination angle * as a function the angle & in the steady periodic
states with Ca = (a)0.002, (b)0.06 and (c)3. Definitions of & and * are shown in
figure 5.2. Red curves represent the results of ' = 1 and blue curves are those of
' = 3. For all cases, #0 = +/2.
discontinuous jump is frequently observed. This is because the shape of the RBC
becomes quasi-circular in both % = 1 and 3 cases, and the longest axes sometimes
exist at two di!erent positions, i.e. many material points are on the concentric circle
in the shear plane. As a result, the curve of angle 6 is no longer continuous and
the discontinuous jump is frequently observed, which means that we cannot clearly
distinguish the unique orientation. To determine whether the RBC is in the transition
regime or not, we use the following equation: |6jmp| * 6tol. Where 6jmp is the
maximum discontinuous jump of 6 in one period. The threshold 6tol is set as (/4 in
this study, though the results are una!ected by 6tol if the value is not too small.
In order to discuss the phase of kinematic motion of the RBC with 00 = (/2, it
is convenient to use the amplitude of 6 oscillation during one period, indicated by
&6. Because the tumbling phase corresponds to &6 = (, and the swinging phase
corresponds to &6 < (, except discontinuous 6 cases defined as the transition phase.
The results of &6 as a function of Ca and % are shown in figure 5.5. In low Ca
regime (red region in the figure), the RBC shows tumbling motion and &6 is equal to
(. In swinging regime (from green to blue region in the figure), &6 decreases as Ca
is increased. The transition regime is represented as a white-out in the figure. The
results illustrate that the tumbling and swinging regime is separated by the transition
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Fig. 5.5 Amplitude of the inclination angle #* as functions of Ca and '. The
color indicates #*/+ in log scale. For all case, #0 = +/2.
phase. We think the transition of the RBC motion occurs rather continuously in the
parameter space of % and Ca, and the transition phase is just where the motion cannot
be distinguished accurately from one another.
5.3.2 Reorientation
Next, we investigate the kinematic motion of the RBC in simple shear flow with
arbitrary angle 00. Due to the symmetry of the system, 0 is defined in range of
[0,(/2]. In figure 5.6(a), profiles of the RBC in the shear plane with Ca = 2, % = 1
and 00 = (/4 are shown. The motion of the RBC is unsteady with time, because the
revolution axis is not initially located in the shear plane, i.e. 00 (= 0 or 00 (= (/2, and
the membrane material properties are asymmetry towards both the flow and vorticity
directions. The shape of RBC oscillates with time but the material point Q (indicated
as a blue dot in the figure) gradually moves to the x3-axis with a rotation around the
deformed membrane. The material point Q reaches close enough to the x3-axis after
long time duration, the motion of the RBC becomes steady, because the material
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Fig. 5.6 Motion of the RBC in a simple shear flow with Ca = 2, ' = 1, and
#0 = +/4. (a) Profiles of the RBC in shear plane. Non-dimensional time is
represented where the below in each figures. The material points P and Q are
indicated as black and blue dots, respectively. (b) Time change of #.
properties of the membrane are now symmetry towards both the flow and vorticity
direction. The time history of 0 is shown in figure 5.6(b) with 0 , *̇t , 400. Due to
the non-spherical reference shape of the membrane, 0 oscillates two times during one
rotation. After long time duration (about *̇t * 350 in this case), 0 converges to 0.
To the best of our knowledge, such a reorientation phenomena of an RBC, as well as
an ellipsoidal capsule, has never been reported before, because in former numerical
studies of a spheroid ellipsoidal capsule, the initial revolution axis was always in
the shear plane. Such a case, the spheroid capsule shows only swinging motion or
tumbling motion depending on the shear rate. Another reason why the reorientation
of a capsule has not been reported, may be because of the di"culty in the control of
the capsule orientation experimentally.
To discuss the reorientation phenomena of a non-spherical capsule more in general,
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Fig. 5.7 Oblate capsule (a/b = 0.6) in a simple shear flow with Ca = (a)0.3
and (b)1.0. The membrane is modeled by the NH law and ' = 1.0. Red and
blue dots represents the material points P and Q, respectively. (c) Time change
of #, where the result of a rigid spheroid with same a/b [41] is also plotted for
comparison.
we investigate the motion of an oblate spheroidal capsule with the NH membrane in
shear flow. The motions of an oblate capsule with Ca = 0.3 and 1.0 are shown in
figure 5.7(a) and (b), respectively. The aspect ratio is a/b = 0.6, and the viscosity
ratio is % = 1. The time history of 0 is also shown in figure 5.7(c) for 30 periods of
rotation. The results of a rigid spheroidal with the same aspect ratio [41] are also
plotted in the figure for comparison. As the same for the RBC, 0 oscillates two times
during one rotation. Surprisingly, 0 tends to approach towards 0 or (/2, depending
on Ca, over a long time duration. The reorientation of the capsules is also clear in
observing figure 5.7(a) and (b), because the material point Q, which is indicated as
a blue dot in the figures, moves towards x3 = 0 when Ca = 0.3, whereas it moves
towards the x3-axis when Ca = 1.0. We note that the final orientation is independent
of 00; this was confirmed numerically by changing the initial orientation randomly.
Such reorientation did not happen for a rigid spheroid, as shown in figure 5.7(c).
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Fig. 5.8 Dissipation energy due to the capsule motion with ' = 1. The aspect
ratio of the spheroid is a/b = 0.6 and the membrane is modeled by the NH law.
These results clearly illustrate that a deformable capsule, not only the RBC type
biconcave disk but a spheroidal capsule, becomes reoriented, even in simple shear
flow, and the time reversibility of Je!ery’s orbit can be destroyed by introducing
particle deformability.
The results of figure 5.7 raise another important question about why the reori-
entation direction shows transition with increasing Ca. Je!ery speculated that an
ellipsoid may alter its orientation so that the viscous energy dissipation of the system
becomes minimal [41]. We then investigate the viscous energy dissipation due to the
capsule motion to determine whether the transition occurred to minimize the dissi-
pation energy. In the case of % = 1, the e!ective energy dissipation rate due to the




q · vdS. (5.7)
If in the case of % (= 1, we must consider the stress vector on the surface Sout, Sin,
respectively. Time average Wd (denoted by Wd) of the oblate capsule (a/b = 0.6,% =
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Fig. 5.9 Motion of an oblate capsule in steady planar elongational flow (a/b =
0.6, Ca = 0.3, ' = 1, the NH membrane) in the (x1, x2)-plane (bottom), in the
(x1, x3)-plane (top). Black dots on the membrane indicate the material point
Q. We investigate motion of the capsule with an arbitrary initial orientation and
various Ca conditions, the orientation is finally directed towards the compressing
direction, in all cases.
1) with the NH membrane are shown in figure 5.8. The values of Wd with 00 = 0
and 00 = (/2 are similar in Ca > 1 regime. Besides, in whole range of Ca, we do not
observe a one-to-one correlation between the capsule reorientation and the minimum
energy dissipation. This result suggests that the reorientation phenomena cannot
explain only from the minimum energy dissipation of the system but the full fluid
and solid mechanics must be examined to understand them.
To understand the basic mechanism of the transition, we further simplify the back-
ground flow field by deleting the rotational contribution from the shear flow. When
an oblate capsule with an arbitrary initial orientation is subjected to steady planar
elongational flow, as depicted in figure 5.1(b), with various Ca conditions. In the case
of the steady planar elongational flow, the orientations are finally directed towards
the compressing direction in all Ca cases. For example, the results of a/b = 0.6,
00 = (/4, Ca = 0.3, and % = 1 are shown in figure 5.9. Given that the reorientation
transition does not appear in steady planar elongational flow, the unsteadiness in the
flow field likely plays an important role in the transition.
Next, we apply oscillatory planar elongational flow, given by figure 5.1(c), to an
oblate capsule. In this flow field, the elongational rate and changing frequency of the
elongational direction can be independently controlled. At t = 0, the oblate capsule
without pre-stress is placed at 00 = (/4. The capsule motions for the second period
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Fig. 5.10 Motion of an oblate capsule in oscillating planar elongational flow
with -/(,̇+) = 0.08 and (a) Ca = 0.3 or (b) Ca = 1.0 (& = 0.6, ' = 1, and NH
membrane). Contour on the membrane represents distribution of the principal
elastic tension (1. A black dot is placed at Q as a tracer. (c) Time change of #,
where the result of a rigid spheroid with same & [41] is plotted for comparison.
of oscillation with 2/(*̇() = 0.08 and Ca = 0.3 and 1.0 are shown in figure 5.10
(a/b = 0.6, % = 1, and NH membrane). Color contours show the distribution of &1,
where &i is the in-plane principal elastic tension and &1 * &2. The time history of 0 is
also shown in figure 5.10(c) for 30 periods of oscillation. When Ca = 0.3, 0 approaches
to (/2 after a su"cient time duration, whereas when Ca = 1.0, 0 approaches to 0.
For Ca = 0.3, the capsule deformation is small at t/T = 1.25 and 1.75, when there
is no background flow, and the &1 distributions at t/T = 1.0 and 1.5 are similar. For
Ca = 1.0, however, large deformations remain at t/T = 1.25 and 1.75, resulting in an
asymmetry in the &1 distribution between t/T = 1.0 and 1.5. Thus, the deformation
is strongly a!ected by the time history in the high Ca regime, whereas it is quasi-
steady in the low Ca regime. This qualitative di!erence in the tension distribution
likely causes the reorientation transition.
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Fig. 5.11 Phase diagram of the oblate capsule in oscillating elongational flow
(a/b = 0.6, ' = 1, and NH membrane). The circles in the figure indicate the
converted results of the shear flow case.
To clarify the reorientation phenomena more in detail, we plot a phase diagram of
the final orientation as a function of Ca and 2/*̇(. An oblate capsule is again sub-
jected to the oscillatory planar elongational flow with 00 = (/4 (a/b = 0.6, % = 1, and
NH membrane). The computation is carried out for 30 periods of oscillation, which
is su"cient to examine reorientation, as shown in figure 5.10(c). The convergence of
the final angle is determined by the following equation: |030#0f | , 7, where 030 is the
average orientation vector of the 30th rotation, and 0f = 0, (/2 or 00. The threshold
value of 7 = 0.05 is used in this study, although the results are una!ected qualitatively
by the selection of 7 if it is su"ciently small. When the convergence criteria is not
satisfied, we determined that the reorientation is in the transit regime. Such capsules
might have a reorientation speed that is too slow or multiple stable final angles.
The results of the phase diagram are shown in figure 5.11. 0 converges to (/2 when
Ca and 2 are small, which is indicated as a green region in the figure. When 2 is very
large, no obvious change in 0 is observed, which is indicated as a red region in the
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figure. The magenta region in the figure indicates that the computation is diverged
due to the infinitely large deformations of the strain-softening membrane, though a
strain-hardening membrane can avoid this problem [9, 24]. In the white region, we did
not observe the convergence of 0 in 30 periods. In the high Ca regime, 0 converges to
0 when 2 is moderate, which is indicated as a black region in the figure. These results
clearly illustrate that the convergence of 0 + 0 appears only when the deformation is
strongly a!ected by the time history.
In the case of shear flow, the elongational direction relative to the material point
on the membrane oscillates with the angular velocity of the membrane motion. Thus,
one may assume 2 as the average rotational velocity of a capsule in shear flow and
draw the curve shown in figure 5.11. The results of an oblate capsule in shear flow,
shown in figure 5.7, are plotted in figure 5.11 by circles. A curve with small Ca exists
in the 0 + (/2 region, whereas a curve with large Ca exists in the 0 + 0 region.
These results indicate that the reorientation transition found in the shear flow can
also be explained by using figure 5.11.
Next we investigate the reorientation of an RBC in shear flow with various Ca and
% conditions. To e!ectively discuss the e!ect of % and the constitutive law on the
reorientation transition in shear flow, we define critical values of Ca: Ca&/2 indicates
the maximum Ca value to show 0 + (/2 convergence, and Ca0 indicates the minimum
Ca value to show 0 + 0 convergence. The criterion of the convergence is the same
as figure 5.11. The results of the RBC as well as spheroidal capsules with a/b = 0.4
and 0.6, and with two types of membrane constitutive laws are shown in figure 5.12
as a function of %. Ca&/2 and Ca0 tend to decrease as % increased. This is because
the time history of deformation remains for a longer time as the inside viscosity
increased, which leads to the transition in the smaller Ca conditions. The figure also
indicates that the e!ect of the constitutive law is considerable. A capsule with the SK
membrane tends to have a larger critical Ca0 than that with the NH membrane. This
is because the SK law shows the strain-hardening property, whereas NH law shows the
strain-softening, so large deformations are suppressed by the SK membrane. Thus,
the reorientation transition can be understood by considering the fluid and solid
mechanics of capsule deformation. We also note that the phase transition during
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Fig. 5.12 E"ects of ' on the critical Ca number of oblate capsules and a RBC
(NH:neo-Hookean, SK:Skalak’s law with C = 10). The solid lines in the figure
indicate Ca0, and the broken lines indicate Ca!/2.
reorientation is observed for a prolate spheroidal capsule, although the results are
not included here. Thus, reorientation transition is robust regardless of the reference
shape of the capsule.
When 0 = 0, the RBC membrane have a pure tank-treading motion, and the
membrane no longer oscillates during the rotation. Such a pure tank-treading motion
of the RBC was observed in classical studies performed at high shear stress conditions.
Fischer et al. (1978) [29], for instance, measured the motion of tracer particles on
an RBC in shear flow and reported that the RBC showed the steady tank-treading
motion. This fact was actually recognized by Abkarian et al. (2007) [1], who first
reported the swinging motion of a RBC. In order to compare our results and the
experimental results of two former studies: Fischer et al. (1978) and Abkarian et al
(2007), the experimental conditions are inserted in figure 5.12 and results are shown
in figure 5.13. The experimental conditions of two former experimental studies are as
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Fig. 5.13 Comparison between the present results and former two experimental
studies [1, 29].
follow: Dextran solutions were used as the outer working fluid in these two studies.
The viscosity of the working fluid µ is estimated from 22 to 47 (mPa.s) in Abkarian
et al., and from 11 to 59 (mPa.s) in Fischer et al.. The maximum shear rate exerted
on RBCs is set as 5 (s!1) in Abkarian et al., and 800 (s!1) in Fischer et al.. If we
assume that the internal volume of an RBC equals to 94 (µm3) [27], the characteristic
length + is derived as 2.82 (µm). If the shear elastic modulus Gs is assumed as 11 to
17 (µN/m) [18], the maximum capillary number (Camax) of each experimental study
is estimated from 0.018 to 0.06 (Abkarian et al.), and from 1.46 to 7.69 (Fischer et
al.). When the internal viscosity %µ is estimated from 10 to 13.2 (mPa.s) [17], the
viscosity ratio % becomes about 0.21 - 0.6 (Abkarian et al.), and 0.167 - 1.2 (Fischer et
al.). The orange region in figure 5.13 indicates Camax of Fischer et al. and the region
exists above the curve Ca0, which indicates that the RBC motion does not oscillates
with time. This tendency is consistent with the Fischer’s observation that the RBC
shows steady tank-treading motion. Camax region of Abkarian et al. (indicated as
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Fig. 5.14 Major axis length L1 of the RBC in simple shear flow with various
Ca and ' conditions. #0 = +/2 in all cases. (a)The maximum value of L1 and
(b)time average of L1 during steady periodic motion are shown in the figure,
respectively. Even when the RBC is in the transition regime, the magnitude of
L1 can be estimated but it is impossible to determine the inclination angle.
green region in the figure) exists below the curve of Ca&/2, which indicates that the
RBC motion oscillates with time. This tendency is consistent with the Abkarian’s
observation that the RBC shows swinging motion. Therefore, our results can nicely
explain the di!erence of two former experimental observations by Abkarian et al. and
Fischer et al..
5.4 Rheology of a dilute-suspension of RBCs
5.4.1 Deformation of an RBC in shear flow
Next, we investigate the deformation of the RBC in simple shear flow with various
Ca and %. Flow-induced deformation is directly correlated to the membrane tension
and the stresslet, so that the knowledge of the deformation can be useful for better
understanding the rheology of the RBC in shear flow.
The maximum and averaged major axis length during one period Lmax1 and L1 are
shown in figures 5.14(a) and (b), respectively. 00 is set to (/2 in all cases. The
RBC is gradually elongated towards the flow direction as Ca increases. The slope
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Fig. 5.15 (a) Time average semi-axis length L3 with various Ca and ' condi-
tions. (b) Distributions of the relative surface area change (Ca = 2.0, ' = 1.0).
The color contour on the membrane indicates the value of Js ! 1, which corre-
sponds to the relative local area change.
becomes smaller as Ca is enough large, because the membrane is modelled by the SK
law, which shows a strain-hardening property and the large deformation is suppressed.
The deformation also tends to be suppressed when the viscous e!ect inside the capsule
becomes large, i.e. high % condition. These results suggest that not only the shear rate
but the viscosity ratio of the internal and external liquids dominate the deformation
of the RBC in shear flow. We note that even when the RBC is in the tumbling-
swinging transition regime, the magnitude of L1 can be estimated but it is impossible
to ditinguish the inclination angle.
The semi-axis length L3 are also shown in figure 5.15(a). The numerical conditions
are the same with figure 5.14. The values of L3 decrease as Ca increases for all %
cases. In this study, the RBC membrane is modeled by the SK law with C = 10. In
the case of the SK law with higher value of C, the area dilation is strongly suppressed.
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Fig. 5.16 E"ects of #0 on the deformation of an RBC with ' = 1.
In high Ca regime, the RBC is elongated towards flow direction, as shown in figure
5.14. To preserve the surface area of the RBC membrane, L3 tends to decrease as Ca
increases. Distributions of the relative surface area change are shown in figure 5.15(b)
(Ca = 2.0, % = 1.0). The color contour on the membrane indicates the value of Js#1,
which corresponds to the relative local area change. This figure indicates that the
areal change is less than 5% at any point on the membrane. The overall areal change
of the RBC is less than 2%, which can be much smaller in low Ca cases. Thus, the
area incompressibility of the RBC membrane is satisfied through the computation.
From these results, we conclude that the RBC deformation is strongly dependent on
the membrane model and we must choose a suitable model to express the mechanical
properties of the biological membrane.
We also investigate the e!ects of 00 on the deformation of the RBC. The major axis
length L1 with 00 = 0 and (/2 are shown in figure 5.16. The viscosity ratio is unity
in all cases. In the case of 00 = 0, the RBC shows pure tank-trading motion in high
Ca regime and L1 becomes constant with time. In the case of 00 = (/2, the RBC
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Fig. 5.17 Distributions of (a) the elastic energy function W , (b) in-plain elastic
principal tension (1, and (c) the isotropic membrane tension (
p. Capillary num-
ber is set as Ca = 3, and ' = 1. The initial angle # is #0 = +/2, then the RBC
shows the swinging motion. A diamond and black dot on the membrane indicate
the material point P and Q, respectively.
shows swinging motion in high Ca regime and L1 oscillates with time. The values L1
with 00 = 0 are similar to the maximum values of L1 with 00 = (/2 during the period
in whole range of Ca. The maximum di!erence between 00 = 0 and 00 = (/2 is less
than 2%. Then, the shape of deformed RBC with 00 = 0 is similar to the maximum
deformation of the RBC with 00 = (/2. This result suggests that the orientation
of an RBC is important for its kinematic motion but the e!ect is moderate to the
deformation of an RBC in shear flow.
5.4.2 Membrane tension
Knowledge of the membrane tension profile is important in predicting the mem-
brane rupture and mechano-transduction of RBCs. We investigate now the in-plane
principal tensions &i (&1 * &2) and the isotropic tension &p in the membrane of the
RBC.
In figure 5.17 (a), distributions of the elastic strain energy W in the shear plane
during a half time period is shown (Ca = 3 and % = 1). The angle 00 = (/2, then the
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RBC shows swinging motion. W distribution changes periodically together with the
shape oscillation, accordingly the principal tension &1 oscillates periodically (figure
5.17(b)). When the RBC is most elongated along the flow direction (*̇t = 27.0, 43.0
in the figure), high values of &1 appear on the top and bottom of the deformed RBC.
When the RBC is most elongated along the x3-direction (*̇t = 36.0), however, &1 be-
comes the highest at the side, which is the maximum value during the period. In the
case of a hyper-elastic membrane, high values of the principal tension should be corre-
lated to the yield tension of the material, i.e. the tolerated maximum elastic tension,
thus these results about the high &1 region would be important for understanding the
hemolysis.
Recently, some researchers have worked on the mechano-transduction of biologi-
cal cells [3, 89, 93, 92]. Wiggins & Phillips [92] analytically investigated the elastic
deformation of the bilayer surrounding the mechano-sensitive channel of large con-
ductance (MscL). They showed that the deformation free energy becomes large under
isotropic deforamtion and the importance of the isotopic tensions to opening of the
mechano-sensitive channel on the membrane. Yoshimura et al. [93] reported that
the mechano-sensitive ion channel MscL found in Escherichia coli cells is opened by
isotropic tensions. Though ion channel structures of an RBC membrane is more com-
plicated than that of bacteria, the isotropic tensions likely play an important role in
the regulation of ion channels. In the case of a 2D isotropic elastic membrane, the
isotropic membrane tension is calculated as &p = (&1 + &2)/2. The distributions &p
is also shown in figure 5.17(c). High value of &p only appear on the top and bottom
of the deformed RBC, though the high principal tension periodically appeared at the
side and top/bottom. Thus, the distributions of &1 and &p are qualitatively di!erent
in the RBC in shear flow.
We also investigate e!ect of 00 on the membrane tension. Distributions of &1 with
Ca = 3.0, % = 1, and 00 = 0 are shown in figure 5.18(a). In the case of 00 = 0, the
RBC has a pure tank-treading motion in high Ca regime and &1 does not oscillate.
The highest &1 appear on the side of deformed RBC as the same for 00 = (/2. In
figure 5.18(b), the maximum values of &1 during the period are shown. The results of
00 = 0 are always higher than those of 00 = (/2, even though the maximum deformed
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Fig. 5.18 (a) Distributions of (1 during a half time period of the membrane rota-
tion with Ca = 3, ' = 1, and #0 = 0. Material points P and Q is represented by
black diamond and black dot on the membrane, rtespectively. (b)The maximum
values of (1 during the period with #0 = 0 and +/2. The viscosity ratio is unity.
length L1 is similar between the two cases. The maximum di!erence between the two
cases is about 10% in whole range of Ca. The biconcave disk, which is assumed as
the reference shape, is strongly anisotropic, thus the membrane tensions depend on
the stretch direction. These results suggest that not only the deformation but the
orientation of the RBC should be taken into account for the membrane tension when
the RBC is subjected to shear flow.
To more e"ciently investigate the e!ect of Ca and % on the principal tension, we






where maxt indicates the maximum value in one period, and maxx indicates the
maximum value on the membrane. Results of max(&max) with various Ca and % are
shown in figures 5.19. For all cases 00 is equal to (/2. The maximum principal tension
max(&max) is almost linearly increased with Ca, whereas the deformation of the RBC
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Fig. 5.19 The maximum principal tension during the period with ' = 1, 2 and
3. For all cases, #0 = +/2.
becomes saturated in high Ca regime as shown in figure 5.14. The SK membrane
shows the strain-hardening property, thus the membrane tension and deformation
show di!erent tendencies.
Next, we calculate the instantaneous maximum isotropic tension max(&pmax), which
may be considered as the criterion for the opening of the mechano-sensitive ion chan-









where S is the surface area of the membrane and T is the period of rotation. Since
the molecular release due to the RBC deformation may be proportional to the time
of channel opening and the number of opened channel, &̄p may be correlated with
the total amount of molecules released from the RBC. We again see the almost linear
relationships between Ca and max(&pmax) as well as Ca and &̄p (cf. figure 5.20). Wan
et al [89] investigated shear-induced release of ATP from RBCs using a micro fluidic
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Fig. 5.20 (a) The maximum isotropic tension and (b) averaged (p with ' = 1, 2,
and 3. For all cases, #0 = +/2.
channel. They reported that the amount of ATP release increased linearly with the
shear rate. In their experiments, however, they could not measure the membrane
stress due to experimental limitations. &̄p increases linearly with the shear rate as
shown in figure 5.20(b), which suggests that the mechano-transduction reported Wan
et al. might also be regulated by the isotropic tension on the membrane.
Presence of the negative tension on the membrane often causes of the numerical
instabilities. When the membrane is compressed by the fluid flow, the membrane is
buckled and the computation becomes unstable. To investigate the negative tension
on the membrane e"ciently, we seek the maximum values of the spatial minimum
principal tension during the period, which is denoted by max(&min). When the mem-
brane is always compressed somewhere during the period, max(&min) becomes nega-
tive. max(&min) with various Ca and % conditions are shown in figure 5.21. For all
cases, 00 = (/2. In low Ca regime, max(&min) become negative in all cases. The
RBC is therefore exerted by the compression and membrane folding is observed in
this regime, as shown in figure 5.3(b). In moderate Ca regime, max(&min) become
positive in lower % cases (% = 1.0 and 2.0), whereas these are still negative in higher
%. In high Ca regime (about Ca * 3.8 in the figure), all results again negative,
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Fig. 5.21 Maximum values of the spatial minimum principal tension during the
period max((min). For all cases, #0 = +/2. When negative tension appear within
the period, max((min) becomes negative.
because the membrane is too elongated at two tips of the capsule and membrane is
buckled. In the case of % * 2.2, max(&min) are always negative, which suggests that
the RBC membrane is always compressed somewhere and the calculation tends to
unstable with higher %.
Hemolysis is one of the biggest problem in the research field of artificial organs.
Due to the non-physiological fluid stress level in the artificial organs, RBCs are of-
ten destroyed and internal hemoglobin solutions are seeped out. Freed hemoglobin
scavenges NO in plasma, which is an inhibitor of platelet activation and a regulator
of the smooth muscle tone [76]. Depletion of NO therefore contributes to thrombosis
and many researchers have investigated the correlation between the subjected fluid
shear stress level and the RBC membrane rupture. A threshold fluid shear stress is
now commonly believed to the order of hundred pascal in plasma solution [50]. If
we assume that the length scale + = 2.82 ! 10!6 (m) [27] and the shear modulus
Gs = 1.7! 10!5 (N/m) [18], one hundred pascal is equivalent to Ca & 16.6, which is
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about 4 times higher than our maximum Ca results. In this study, it is impossible to
carry out the computation with such a higher number of Ca, because the mesh is too
elongated to the flow direction at the two tips of the deformed RBC. If max(&max)
increase linearly with Ca until such a higher Ca regime, the maximum membrane
tension in rupture regime will be about the order of 10!4 (N/m).
Yoshimura et al. [93] investigated the mechano-sensitive ion channel MscL in E. coli
cells by patch clamp technique. They reported that mechano-sensitive Ca2+ channel
in E. coli cells activated by 5 to 10 (kPa) with micropipette aspiration. In the case of
RBCs, Wan et al [89] investigated shear-induced release of ATP from RBCs using a
micro fluidic channel. In their experiment, applied average fluid shear stress is ranged
in about 0.1 to 10 pascal, which value is much smaller than the studies of Yoshimura
et al.. These results suggest that the mechano-sensitive channel of the RBC may be
activated by much smaller membrane tension than that of E. coli cells.
5.4.3 Particle stress tensor
Consider now rheological properties of a dilute suspension of RBCs. Before discus-
sions of the RBC suspension rheology, we first investigate the e!ective viscosity of
a dilute suspension of spherical capsules with Ca - 1. The e!ective viscosity µ$ of
identical rigid particles with ! - 1 can be described by the well-known Einstein’s
viscosity equation [26]:
µ$ = µ(1 + 2.5!). (5.10)
The e!ective shear viscosity contribution of the capsule, S̄sol12 , are shown in figure
5.22. The viscosity ratio is % = 1 and the SK law with C = 1 is employed for the
membrane. The e!ective shear viscosity is asymptotic to 2.5 in very low Ca regime.
Which value corresponds to the analytical solution of the rigid spherical particle as
described in (5.10), then we confirm that good agreement with our numerical results
of a spherical capsule and analytical solution of rigid particle when Ca - 1.
Time change of e!ective shear viscosity contribution of the RBC in shear flow with
Ca = 0.002, 1.0 and 4.0 are shown in figure 5.23. All results obtained with % = 1
and 00 = (/2. All curves oscillate with time, because the RBC shows a tumbling
(Ca = 0.002) or swinging motion (Ca = 1.0 and 4.0) in these cases. We also see
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Fig. 5.22 E"ective shear viscosity contribution of a spherical capsule with ' = 1.
The broken line in the figure indicates the analytical solution of the identical rigid
particles, which is given by (5.10).
Fig. 5.23 Time change of e"ective shear viscosity contribution of the RBC with
Ca = 0.002, 1.0 and 4.0. For all cases, ' = 1 and #0 = +/2.
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Fig. 5.24 Time average Ssol12 with ' = 1, 2 and 3. #0 = +/2 in all cases.
that the average values of Ssol12 tends to decrease as Ca increases. Capillary number
can be viewed as a non-dimensional shear rate for a given capsule in shear flow, this
tendency then indicates that the shear-thinning behavour of the RBC suspension.
Next, we investigate the e!ects of % on the e!ective shear viscosity of the RBC
suspension. Time average e!ective shear viscosity S̄sol12 with % = 1, 2 and 3 are shown
in figure 5.24. 00 = (/2 in all cases. From this figure, we again see the shear-thinning
behaviour of the RBC suspension in all % cases. This tendency corresponds to former
numerical studies of capsules and drops [58, 73]. In very low Ca regime, all curves
overlap and are asymptotic to about 2.5. In this regime, the RBC shows rigid like
tumbling motion, thus the e!ect of inner viscosity becomes small. In large Ca, on
the other hand, the e!ective shear viscosities decrease as % increases. This result
is surprising because the shear viscosity of the suspension decreases, even though
higher viscous capsules are immersed in. Moreover, it suggests that a suspension of
inner-viscous capsule has e"cient fluidity in the dilute regime.
To investigate the detailed mechanics of the shear viscosity of the suspension, we
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Fig. 5.25 (a)Hight of deformed RBC in the shear plane #H. (b)Time average
inclination angle with ' = 1, 2 and 3 in swinging regime. (c)Time average #H
with ' = 1, 2 and 3. #0 = +/2 in all cases.
analyze the inclination angle 6 and hight of deformed RBC in the shear plane, which
is denoted by&H (depicted in figure 5.25(a)). The results are shown in figures 5.25(b)
and (c). Time average inclination angle 6̄ decrease with higher % (cf. figure 5.25(b)).
Accordingly, &H become small as % increases (cf. figure 5.25(c)). In the case of
simple shear flow, flow strength is proportional to the position of x2. The e!ective
shear viscosity Ssol12 then becomes small with higher %, as shown in figure 5.24.
Next we investigate the e!ects of 00 on Ssol12 and the results are shown in figure
5.26. % is set to unity in all cases. In the case of 00 = 0, Ssol12 converges to about
4.3 in very low Ca regime, which value is higher than that of 00 = (/2. In this
Ca regime, the RBC behaves as a rigid like particle. In the case of anisotropic rigid
particles, the e!ective shear viscosity strongly depends on its orientation. Je!ery [41]
analytically derived the e!ective shear viscosity of an ellipsoidal rigid particle. In
the case of an oblate rigid particle, the value becomes minimum when 00 = (/2 and
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Fig. 5.26 E"ects of #0 on time average S
sol
12 . All cases, ' = 1.
becomes maximum when 00 = 0 (if in the case of a prolate rigid particle, those are
opposite). According to Je!ery’s theory, the e!ective shear viscosity of the oblate
spheroidal particle with a/b = 0.3, which has the same volume-surface area ratio of
the RBC type biconcave disk, are ranged in [2.21,4.35]. Our numerical results of the
RBC in very low Ca regime are similar to Je!ery’s solutions for the oblate particle
with a/b = 0.3.
In high Ca regime, on the other hand, the curves of 00 = 0 and 00 = (/2 are
almost overlapped and the maximum di!erence between the two is less than 5% when
Ca * 1. This is because the shape of RBC, as well as the inclination angle, between
00 = 0 and 00 = (/2 are similar and the e!ect of 00 becomes small. These results
suggests that the orientations of the RBC less a!ect on the shear viscosity component
of the stresslet in high Ca regime when the RBCs have no interaction to other cells.
Not only the shear viscosity, but the diagonal components of the stresslet are also
important for the suspension rheology. The e!ective diagonal components of the
stresslet are shwon in figures 5.27 (a) and (b). For all cases 00 = (/2. The component
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Fig. 5.27 Diagonal components of the stresslet (a)S11 (solid line), S22(broken
line) and (b)S33. For all cases #0 = +/2.
S11 become large as Ca increases and % decreases (cf. figure 5.27(a)). The values
of S33 also become large as % decreases (cf. figure 5.27(b)). When the RBC is
subjected to a simple shear flow, the length L1 increases as % decreases. Due to
the area incompressibility of the membrane, the length L3 is reciprocal to the length
L1, which is relevant to the strong deformation in x3-direction when the RBC is
subjected to strong flow strength. Thus, these results of Sii suggest that the diagonal
components Sii are strongly dependent on the RBC deformation Li, respectively.
Which are also suggest that the membrane area incompressibility strongly a!ects on
the stress component of S33. The curves of S22 become almost plateau in whole range
of Ca with all % conditions. In whole range of % and Ca, the RBC is not significantly
elongated towards x2-direction, then S22 become almost independent of Ca.
As shown in figure 5.27, the diagonal components of the stresslet are no longer
isotropic, whereas a Newtonian fluid has the isotropic components in shear flow. Such
anisotropic stress components cause of the visco-elastic properties of the suspension.
Subsequently, we investigate the first normal stress di!erence of the RBC suspension
N1(= S11 # S22), as well as the second normal stress di!erence N2(= S22 # S33).
Results of N1 and N2 are shown in figures 5.28(a) and (b), respectively. The first
normal stress di!erence N1 becomes positive and the second normal stress di!erence
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Fig. 5.28 First and second normal stress di"erence of the RBC suspension in
shear flow. #0 = +/2 in all cases.
N2 becomes negative, respectively. The first and second normal stress di!erence Ni
(i = 1 or 2) illustrate the visco-elastic behaviour of the RBC suspension in shear flow,
i.e. non-Newtonian e!ects of the suspension in shear flow, because the normal stress
di!erence Ni are always 0 in the case of a Newtonian fluid. The absolute values of
Ni become large as % decreases. Which suggests that the elasticity e!ects of a dilute
suspension of RBCs become larger with smaller % and larger Ca.
The ratio between the normal stress di!erence and the e!ective shear viscosity
are also shown in figure 5.29. This value can be viewed as the ratio between e!ective
elasticity and viscosity of the RBC suspension in shear flow. Due to the shear-thinning
behaviour of the suspension, the e!ect of elasticity becomes large in high Ca regime.
We again observe higher values of Ni/S12 with smaller %. Then, we conclude that the
elasticity e!ects of the dilute suspension become larger with smaller % and larger Ca.
5.5 Conclusions
In this chapter, we investigated the kinematics and rheology of a single RBC in
creeping shear flow and the results were applied to rheological properties of a dilute
suspension of RBCs in shear flow. The RBC was modeled as a liquid capsule enclosed
by a 2D hyper-elastic membrane. To express the area incompressibility of the RBC
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Fig. 5.29 The ratio between the normal stress di"erence and the e"ective shear viscosity.
membrane, the SK law with C = 10 was employed for the membrane. To solve the
membrane mechanics, we used the finite element method. Due to the small size of
the RBC, the flow was assumed as a Stokesian and the boundary integral equation of
the flow field was solved by the boundary element method.
In very low Ca regime with 00 = (/2, the RBC showed quasi-rigid like tumbling
motion. In high Ca regime with 00 = (/2, the RBC showed swinging motion. These
results were consistent with former experimental observations and numerical compu-
tations of an RBC in shear flow. We also observed quasi-circular profiles of the RBC
in the shear plane, and we defined such a motion as tumbling-swinging transition.
When the revolution axis of a spheroidal capsule, as well as the RBC type biconcave
disk, was not initially located in the shear plane, the capsule showed reorientations.
Steady orientation of the capsule depended on the strength and unsteadiness in the
background flow. Given that the transition can be controlled by adjusting the back-
ground flow strength as well as the unsteadiness in the background flow direction, the
results obtained here can be utilized for particle-alignment techniques in engineer-
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ing applications, such as counting non-spherical particles by light scattering, making
anisotropic materials, etc.
The large deformation of the RBC was suppressed by a strain-hardening property
of the SK law. We also observed that the length in the x3-axis L3 decrease as L1
increase to preserve the surface area of the membrane. Deformation of the RBC is
strongly dependent on the membrane model, thus we again conclude that we need to
choose a suitable membrane model to express the mechanical properties of biological
membrane. The deformation also tended to be suppressed when the viscous e!ect
inside the capsule becomes large, i.e. high % condition. These results suggest that
not only the shear rate but the viscosity ratio of the internal and external liquids
dominate the deformation of the RBC in shear flow.
Distributions of the principal tensions change periodically together with the shape
oscillation and the maximum tensions appeared on the side of the deformed RBC
when 00 = (/2, whereas the high isotropic tension only appeared at the top/bottom
of the deformed RBC. The maximum principal tension should be correlated to the
membrane rupture, and the isotropic tension should be correlated to the regulation of
the mechano-transduction of the RBC, these regions are then important to understand
the mechanisms of the hemolysis and the mechano-transduction of the RBCs. We also
investigated the maximum and average tensions, max(&max), max(&pmax) and &p and
&̄p, and these tensions increase monotonically with Ca even though the deformation
is suppressed in high Ca regime. These findings on the membrane tension would be
useful for better understanding of the mechanisms of the hemolysis and the mechano-
transduction of RBCs.
The e!ective shear viscosity converged to 2.5 in the case of 00 = (/2 and 4.3 in the
case of 00 = 0, respectively in very low Ca regime. We saw that the shear-thinning
behaviour of the e!ective shear viscosity, which is consistent with former experimental
observations of the RBC suspension. Surprisingly, the e!ective shear viscosity of the
suspension became small with higher %, because the hight of the deformed RBC
became small with higher %. Which is relevant to that a suspension with inner-
viscous capsules has e"cient fluidity in dilute regime. The diagonal components of
the stresslet were no longer isotropic, then the first normal stress di!erence N1 became
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positive, whereas the second normal stress di!erence N2 became negative, respectively.
These results indicate that the visco-elastic properties of the RBC suspension does
exist. The elasticity e!ects of the suspension become large with smaller % and larger
Ca. These findings presented here form a fundamental basis for the knowledge of







Suspensions of small capsules in liquids are common in nature and in several engi-
neering field. Blood, for instance, is a dense suspension of red blood cells (RBCs) and
its macroscopic suspension properties are strongly dependent on the microscopic cell
behaviours [72]. Now, it is desirable to know how small RBCs respond to imposed
forces or motions at their boundaries. When multiple RBCs are immersed in a liquid,
the cell-cell interaction must be concerned. In the case of a suspension of RBCs in
dilute to semi-dilute regime, probability that in a particular realization of the suspen-
sion there is one other cell within a certain distance of a given RBC is proportional
to the volume fraction !, and the probability of there being two RBCs in this region
is proportional to !2 [12, 13]. Given that the first approximation to the e!ect of the
cell-cell interaction may be obtained by considering only pairwise hydrodynamic in-
teraction of RBCs. As a first step to tackle the problems of the cell-cell interaction of
RBCs, we consider simple situation where only two RBCs interact in a simple shear
flow. In last decades, many researchers have been investigated the hydrodynamic
interaction of the RBCs in a tube or a rectangular channel, as well as the interaction
with the other cells, such as platelets and white blood cells [4, 23, 30, 59, 72, 96].
However, detailed analysis of the pairwise interaction of the RBCs has not been per-
formed, yet. This may be because that blood is a dense suspension of RBCs and the
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pairwise interaction of the RBCs has not been featured. However, the pairwise in-
teraction is important phenomenon, because the e!ects of cell-cell interaction can be
described by it until !3 e!ects can be negligible. Which is relevant to that the e!ect
of pairwise interaction can be used for the discussions of a suspension rheology up to
! & 0.1, because !3 is 10 times smaller than !2. An RBC suspension with ! = 0.1 is
common in engineering field, such as in micro-fluidic devices. Thus, knowledge of the
pairwise interaction of RBCs can be applied to many engineering field and will give
us a fundamental basis of the suspension mechanics.
A number of researchers have investigated pairwise interaction of small rigid parti-
cles, drops, micro-organisms and capsules in shear flow [11, 38, 39, 47, 57]. Batche-
lor & Green [11] analytically investigated the hydrodynamic interaction of two non-
Brownian rigid spheres in shear flow. They showed that trajectories of a given particle
become symmetry and no displacement perpendicular to the flow direction is gener-
ated by the pairwise interaction. The symmetry of the pairwise interaction is broken
by the deformability of particles. Loewenberg & Hinch [57] numerically investigated
the pairwise interaction of drops in shear flow using a boundary element method. In
the case of pairwise interaction of deformable drops, trajectories are no longer symme-
try and the displacement was observed to both the velocity gradient and the vorticity
directions. Lac et al. [47] numerically investigated the hydrodynamic interaction of
two identical capsules in shear flow with a B-spline projection for the membrane and
a boundary element method for the fluid mechanics. They showed that trajectories of
deformable capsules are also asymmetry and the displacement to the perpendicular
to the flow direction was observed. They also reported that the pressure between the
two capsules significantly changes during the interaction and the capsule trajectories
are strongly dependent on the pressure filed. Such irreversible displacements to the
cross-flow direction produce the shear-induced self-di!usivity of deformable particles.
Di!usion or dispersion of RBCs in fluid flow is important phenomenon, because it is
relevant not only to the mixing or e"ciency of the mass-transport but to the rheologi-
cal properties of blood in microcirculation [34, 54, 61]. In section 6.3, we calculate the
self-di!usion coe"cients of the RBCs generated by the pairwise interaction. During
the interaction, we neglect Brownian motion of RBCs. This treatment corresponds
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to large Péclet number flow to the RBCs. In section 6.3.2, we discuss the e!ect of
Brownian motion of the RBCs.
The hydrodynamic interaction between the RBCs also play important role on the
membrane tension. Lac et al. [47] investigated the membrane tension of spherical
capsules with various capillary number during the pairwise interaction. They reported
that the maximum tension occurs in the equatorial region of the deformed shape of
capsule in crossing regime. In separating regime, however, the region of high principal
tension changes depending on capillary number. In high capillary number regime, the
high principal tension appear the same area as for a single capsule, whereas a stress
concentration located at the tips of the capsules in low capillary number regime.
Even in the case of simple spherical capsule, the e!ects of the interaction on the
membrane tension are complicated and it would be much more complicated in the
case of the RBC type biconcave disk. Flow-induced deformation of RBCs a!ects the
cell ability to release various molecules and regulate their concentration in blood [34].
In addition, high stress level is correlated to cause of membrane rupture. For better
understanding the physiology and pathology of the RBCs in a suspension, detailed
analysis of the membrane tension of the RBCs during the interaction are needed.
To construct a continuum rheological model of the small particle suspension, Batch-
elor (1970) analytically introduced the particle stress tensor of the suspension. When
a suspension is so dilute that the fluid motion near each RBC is e!ectively indepen-
dent of the existence of other RBCs, the particle stress tensor can be approximate
from the solitary cases, whose order is equivalent to !. For larger !, but still ! - 1,
the e!ect of hydrodynamic interaction of the RBCs must be allowed for. Assume
that isotropic structures of a suspension, the first approximation to the e!ect of the
hydrodynamic interaction of RBCs may be obtained by considering only pairwise in-
teraction of RBCs. Batchelor et al. [12] corrected the leading order approximation of
the stresslet to order !2 with the e!ect of pairwise interaction of particles. In section
6.4.2, we investigate the e!ect of the pairwise interaction to the stresslet of the RBCs
subjected to various capillary number and viscosity ratio in simple shear flow.
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6.2 Problem statement
An RBC is modeled as a capsule with a hyper-elastic membrane with surface shear
elastic modulus Gs and area dilation modulus Ks. The SK law with C = 10 is em-
ployed for the membrane to express the area incompressibility of the RBC membrane.
The finite element method is used to solve the membrane mechanics. Consider two
RBCs are filled with a Newtonian fluid with density ' and viscosity %µ and freely
suspended in another Newtonian fluid with the same density ' but viscosity µ and
subjected to a simple shear flow in with shear rate *̇ in the (x1, x2)-plane. Due to
the small scale of the RBC, we also assume that flow is a Stokesian, i.e. inertia free,
and the flow is solved by the boundary element method. Capillary number is also
defined as Ca = µ*̇+/Gs, where + is the radius of the sphere with the same volume as
the RBC type biconcave disk. Throughout this chapter, we use a linear element with
1280 or 5120 meshes for the membrane.
Denoting the centres of mass of the RBCs G1 and G2, we use a Cartesian system
centred on the middle O of x0 (G1)#x0 (G2) (cf. figure 6.1(a)), where x0 is the initial
position of the RBC. In this system, the undisturbed background flow v" is given by




3 = 0. (6.1)
To describe the positions of two RBCs e"ciently, we define the relative position vector
&x:
&x = x (G1) # x (G2) . (6.2)
The RBC centres G1 and G2 are initially located at position ±&x0/2. In this study,
&x01 and &x02 always have opposite signs, so that the RBCs are naturally convected
towards each other by the flow and we set &x01 to a negative value. To eliminate the
initial deformation of the RBCs during the interaction, the absolute values of &x01
should be large enough. We use the following equation to determine the initial position
of the RBCs: |x02|/|x01| , 7. In this study, the threshold value is set as 0.025. Which
value is small enough that results obtained in this chapter are una!ected qualitatively
by the selection of 7 if it is su"ciently small, which is numerically confirmed by
comparing with 7 = 0.02 (data not shown).
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Fig. 6.1 Representation of the RBCs position and orientation. (a) Schematic
illustration of the relative position of the RBCs in the shear plane (x1, x2). Ori-
entation of the RBC in the shear plane, for instance: (b) #0 = 0, (c)#0 = +/2
and (d)*0 = +/4. #0 is defined as the angle between the revolution axis of the
RBC and the x3-axis at t = 0. *0 is defined as the angle between the major axis
of the RBC in the shear plane and the x1-axis at t = 0. Arrows in the figure
represent the background shear flow.
The biconcave disk shape, which is assumed as the reference shape of the RBC, is
strongly anisotropic, then we must consider its orientation when the RBC is subjected
to shear flow. To discuss the orientation e"ciently, we define two angles 00 and 60.
The angle 00 is defined as the angle between the revolution axis of the biconcave
disk and the x3-axis at t = 0 (cf. figure 6.1(b) and (c)). The angle 60 is the initial
inclination angle of the RBC, i.e. the angle between the major axis of the RBC in the
shear plane and the x1-axis at t = 0 (cf. figure 6.1(d)). When 00 = 0, the angle 60 can
be omitted, because the material properties are no longer asymmetry towards flow
direction. Moreover, we define the relative angle di!erence &60 as &60 = 610 # 620 ,
where 6!0 is 60 of the 3-th RBC. For simplicity of the problem, 620 is fixed to 620 = 0,
for all cases. In a dilute suspension, the di!erence of angle 00 between the two RBCs
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may be omitted, because the orientation of a single RBC in shear flow is converged
to 00 = 0 or (/2 in a certain range of Ca, as shown in chapter 5. Then, we do not
consider the angle di!erence of 00 between the two RBCs.
Consider now macroscopic suspension properties of RBCs. In self-di!usion, a single
marked RBC executes a random walk in a suspension at a uniform concentration.







where& = ($x2, $x3) is the random walk displacement in the cross section of the shear
flow, i.e. in the (x2, x3)-plane. We consider a semi-dilute suspension (! - 1) with a
uniform concentration. Let n be the number density of the RBCs in the suspension
and so the volume fraction is ! = 4&3 +
3n. Assume that there are no long-range
correlations in the suspension, so that the probability distribution of RBC is uniform
in space when they are far upstream and each collisions is uncorrelated. The rate
of interactions that result in a particular cross-flow displacement is proportional to
relative approaching velocity 2*̇|x02| and number density n. Neglect Brownian motion








2($xi)2n*̇|x02|dx02dx03 (i = 2, or 3). (6.4)
Due to the symmetry of the problem, the integration range is reduced to the first










($xi)2|x02|dx02dx03 (i = 2, or 3). (6.5)
Next, we consider particle stress tensor of the RBC suspension in semi-dilute regime.
In very dilute regime, the particle stress tensor can be described by the stresslet of
single RBC in viscous flow. To seek the next order term of the particle stress tensor,
the e!ect of hydrodynamic interaction of the RBCs must be allowed for. In semi-dilute
regime, the probability of there being two RBCs in a given region is proportional to
!2. Given that the e!ects of cell-cell interaction may be obtained by the summation
of the pairwise interaction of the RBCs. Batchelor et al. [12] analytically introduced
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dV + O(!3), (6.6)
where dV is the finite volume of the suspension. The integrand of the second term
represents the stress variation due to the pairwise interaction. In general, the above
integral is not absolutely convergent, because the stresslet generated by a point force
with a certain distance r is reduced as 1/r3 when r 0 + and the infinite integral
is diverged as fast as ln r. Batchelor et al. [12] avoided such integral divergence by
recasting the ensemble average before reducing it to an average over the separation











where Si(x0, r) is the stresslet of a given particle i located on x0 and the other
particle is located on x0 + r. In the case of a rigid spherical particle, the above
relation is exactly satisfied, because the stresslet is a function of only the rate of
strain e(x0, r) and Ssol can be determined only from bulk average rate of strain
E (= 1V
8
e(x0, r)dV ). In the case of non-spherical particles, deformable drops, and
also capsules, equation (6.7) may not be satisfied due to the time and orientation
dependencies of them. Then, another treatment for the integral divergence may be
needed for the RBCs. In this study, the integration of the right hand side of (6.6) is
conducted only from in near-field interactions.
6.3 Self-di!usion of RBCs in a semi-dilute
suspension
6.3.1 Trajectories
We first investigate trajectories of the RBCs in shear flow with various orientation,
Ca and % conditions. Time sequence of the RBCs in the shear plane during the inter-
action with Ca = 0.5, 1.0 and 2.0 are shown in figures 6.2(a), (b) and (c), respectively.
% = 1, 00 = (/2 and &60 = 0, for all cases. Initial positions are set to &x01/2+ = 10,
&x02/2+ = 0.25, and &x03/2+ = 0. Then, the centre of mass G1 and G2 are always in
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Fig. 6.2 Time sequence of the interaction of RBCs in the shear plane with (a)
Ca = 0.5, (b) 1.0 and (c) 2.0. For all cases, ' = 1.0, #0 = +/2 and #*0 = 0.
Initial positions are set to #x01/2% = !10, #x02/2% = 0.25, and #x03/2% = 0.
Numbers appeared in the figure are numbering of the time sequence. Arrows in
each figure are also indicate that flow directions.
the shear plane. The deformed shape of a single RBC in shear flow is symmetrical
with respect to its centre. Thus, the appearance of asymmetry profile coincides with
the onset the hydrodynamic interaction between two RBCs. When the RBCs start
to interact each other (cf. figure 6.2(2)), the shapes are no longer symmetrical with
respect to its mass centre. When the RBCs are in crossing regime (cf. figure 6.2(3)),
the centre of mass are shifted across the streamlines and the membrane in contact side
become concave. After crossing, the membrane gradually recover from concave shape
to symmetrical shape (cf. figure 6.2(4)). When the RBCs are in separation regime (cf.
figure 6.2(5)), large curvatures appear at the tip of the deformed membrane. These
tendencies are the same as the numerical results of spherical capsules in shear flow
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Fig. 6.3 Trajectories of the centre of mass G1 with Ca = 0.5, 1.0 and 2.0.
Numerical conditions are the same as figure 6.2.
[47]. In all cases, the RBCs are always separate and do not contact each other.
We track the centre of mass G1 with respect to time and its trajectories are shown
in figure 6.3. Numerical conditions are the same as figure 6.2. When the RBCs start
to interact each other, the position x2 become once small. After that, in crossing
regime, x2 become maximum. In separation regime, x2 gradually decrease as x1
increase, but they do not reach the initial values of x2. After the interaction, the
trajectories become steady. In the limiting case of Ca + 0, the RBCs behave as
the rigid body, whose trajectories in Stokes flow are symmetry during the pairwise
interaction. Deformability of the RBCs is then cause of the asymmetric trajectories
as shown in the figure.
To investigate the hydrodynamic interactions more e"ciently, it is useful to compute
pressure of the flow field p. Pressure at a point x in outer fluid is given by [68]









v(y) ·$(x, y) · n(y)dS(y), (6.8)
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Fig. 6.4 Pressure at the origin O. p0 is the pressure at the origin and p# is the














and p" is the far field pressure. Pressure at the origin O with Ca = 0.5, 1.0 and 2.0
are shown in figure 6.4. When the RBC start to interact each other, the pressure
become negative, then the RBCs are suction to the origin (cf. figure 6.3). In crossing
regime, the high pressure appeared. Such a high pressure field produces the concave
shape of the RBCs in crossing regime (cf. figure 6.2(3)). In separation regime, on the
other hand, the pressure becomes negative rapidly and takes the minimum value. In
this regime, the RBCs have the high curvature of the membrane at the tips, as shown
in figure 6.2(5). From these results, we see strong correlations between the pressure
filed and the hydrodynamic interaction of the RBCs.
Next, we investigate the e!ect of the viscosity ratio % on the hydrodynamic inter-
actions. Profiles of the RBCs during the interaction with % = 0.5, 1.0 and 2.0 are
shown in figures 6.5(a), (b) and (c), respectively. For all cases, Ca = 1.0, 00 = (/2
and &60 = 0. The initial positions are the same as figure 6.2. When the RBCs are
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Fig. 6.5 Time sequence of the interaction of RBCs in the shear plane with (a)
' = 0.5, (b) 1.0 and (c) 2.0. For all cases, Ca = 1.0, #0 = +/2 and #*0 = 0.
The initial positions are the same as figure 6.2. Numbers appeared in the figure
are numbering of the time sequence. Arrows in each figure are also indicate that
flow directions.
in crossing regime, the centre of mass more shifted across streamlines with lower % to
overcome another cell. This is because the inclination angle increases as % decreases,
as shown in figure 5.4(c), and need to more deform or move to perpendicular to the
flow in lower % cases.
To investigate the e!ect of % more in detail, trajectories of G1 with various % are
shown in figure 6.6. Numerical conditions are the same as figure 6.5. We again see the
asymmetrical curves during the interaction. Displacement towards the x2-direction
decreases as % increases. In the limiting case of % + 1, capsules will behave like
rigid particles, then the trajectories will be symmetric. The trajectories are strong
function of the viscosity ratio %, which are moderate on Ca (cf. figure 6.3 and figure
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Fig. 6.6 Trajectories of G1 with various '. Numerical conditions are the same
as figure 6.5 in all cases.
6.6). This result suggests that the trajectories during the hydrodynamic interaction
between the two RBCs are dominant significantly to % and moderately to Ca.
Next we investigate the e!ect of angle di!erence &60 on the RBCs trajectories.
Time sequence of the interaction of RBCs in the shear plane with &60 = 0,(/6, and
(/2 are shown in figure 6.7. For all cases, % = 1.0, 00 = (/2 and Ca = 2.0. Initial
positions are set to &x01/2+ = #10, &x02/2+ = 0.25, and &x03/2+ = 0. Shapes of the
RBCs during the interaction are dependent on &60, but we do not see the significant
change of trajectories among the three &60 cases.
Trajectories of G1 with various orientations (&60 = 0,(/6,(/2, and 2(/3; 00 = 0
and 00 = (/2 ) are shown in figure 6.8. Ca is set to 2 and % is equal to 1, in all cases.
Initial positions are the same as figure 6.7. From this figure, we see that all trajectories
are almost overlapped. Which is relevant to that the trajectories of the RBC during
the hydrodynamic interaction are independent of the angle and orientation of the
RBCs. It is also found that the displacements towards the x3-direction are almost
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Fig. 6.7 Time sequence of the interaction of RBCs in the shear plane with
#*0 = 0,+/6, and +/2. For all cases, ' = 1.0, #0 = +/2 and Ca = 2.0. Initial
positions are set to #x01/2% = !10, #x02/2% = 0.25, and #x03/2% = 0. Numbers
appeared in the figure are numbering of the time sequence. Arrows in each figure
are also indicate that flow directions.
independent of the angle di!erence &60 and the orientation 00 (data not shown). This
may be because that the RBCs do not close so much each other during the interaction
and they can easily pass away another cell, thus the trajectories are likely independent
of the angle and orientation of the RBCs. For the simplicity, the initial orientation of
the RBCs are fixed to 00 = (/2 and &60 = 0 to determine the self-di!usivity of the
RBCs in the next section.
6.3.2 Shear-induced self-di!usion coe"cient
In this section, we investigate the cross-flow self-di!usivity of the RBC suspension
in semi-dilute regime. Before calculating the self-di!usion coe"cient of the RBCs in
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Fig. 6.8 Trajectories of G1 with various orientations: (a) #*0 = 0,+/6,+/2,
and 2+/3; (b)#0 = 0 and #0 = +/2. Ca = 2, ' = 1 are used in all cases. Initial
positions are the same as figure 6.7.
Fig. 6.9 Trajectories and displacement .x2 of the mass centre G1 with various
initial relative potion #x02.
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shear flow, we investigate the e!ect of the initial position on the interaction of the
two RBCs. In figure 6.9(a), trajectories of G1 with various initial relative position
&x02 are shown. Ca = 2.0 and % = 1.0 in all cases. The e!ect of interaction be-
tween the RBCs decreases as &x02 increases. We define displacement towards the
x2-direction in the steady state as $x2, as shown in figure 6.9(a). We see that the
displacement $x2 decreases as &x02 increases. To investigate the e!ect of &x02 more
in detail, $x2 as a function of &x02 in log-log scale are plotted in figure 6.9(b). In
far-field displacement (&x02/2+) > 1, the displacement $x2 decreases as quasi-linear
with respect to &x02/2+. The green line in figure 6.9(b) represents linear fitting line
with its slope #2. Loewenberg & Hinch (1997) numerically investigated the hydro-
dynamic interaction between two deformable drops and they showed the scaling of
$2 with respect to the relative position of drops in the (x2, x3)-plane. According to
their work, we estimate the scaling of $2 with respect to the relative position in the
(x2, x3)-plane: For widely separated neutrally-buoyant RBCs, the cross flow velocity
is d&/dt 2 (R/r)r!2, where r &
9
R2 + (&x1)2
:1/2 is the cell separation, &x1 is the




initial cross-flow separation. If we assume dx1/dt 3 R, we obtain d&/dx1 2 r!3.
Integrating zero to infinity with respect to x1, we obtain the estimation & 2 #R!2
when R 0 1. The numerical results shown in figure 6.9(b) are then consistent with
the above scaling estimation.
We now seek for the self-di!usion coe"cient of the RBCs in shear flow. To calculate
the self-di!usion coe"cient of the RBCs, we use the G1 trajectories and displacement
$x with various initial potions in the (x2, x3)-plane. To e"ciently compute equation
(6.5), we introduce the polar coordinate (r,/) centred on the origin O. Equation (6.5)










($xi)2r2 sin/drd/ (i = 2, or 3). (6.10)
To compute the above infinite integration, it is divided into two parts with respect to
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Fig. 6.10 Initial positions of integrand trajectories. Note: In the case of x2/% =























where rc is the domain truncation. In far-field interaction (&x02/2+ > 1), the dis-
placement $x2 decreases as r!2, as shown in figure 6.9(b). We then assume that $xi
decreases proportional to r!2 when r * rc. Accordingly, the second term in the right
hand side of (6.11) is derived by asymptotic form and analytically calculated. To
compute the first term in the right hand side of (6.11), we use a Gaussian numerical
integration scheme with bi-linear element. The number of Gauss point in each ele-
ment is 25 in all cases. The vertex of each element corresponds to the initial position
of G1 in the (x2, x3)-plane. We numerically check the domain truncation error by
comparing the results of rc/+ = 2.0 and rc/+ = 2.25. 50 and 55 trajectories are used
for the comparison, respectively. Results between the two cases di!er less than 2%
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Fig. 6.11 Self di"usion coe$cient with various Ca conditions. ' = 1.0 in all cases.
(data not shown) and we confirm that rc/+ = 2.0 is high enough that results obtained
in this chapter are una!ected qualitatively by the selection of rc. Besides, we investi-
gate the numerical accuracy by comparing the results of 50 and 60 trajectories with
rc/+ = 2.0. Di!erence between the two cases is less than 1% (data not shown), then
we decide to use 50 trajectories for the numerical integration as shown in figure 6.10.
Non-dimensional shear-induced self-di!usion coe"cient of the RBCs with various
Ca are shown in figure 6.11. The viscosity ratio % is unity in all cases. As indicated
in the figure, D22 (red line in the figure) is always larger than D33 (green line in the
figure). This is because the displacement towards the x2-direction is always larger
than the displacement towards the x3-direction. This tendency is consistent with
former numerical studies of the pairwise interaction of drops in shear flow [57] and
a semi-dilute suspension of spheres with shear flow [39]. We also observe D22 has
a peak value when Ca 4 1. The trajectories of pairwise interaction of the RBCs
are asymmetric, due to the deformability of the membrane. The displacement $x2
then increases as Ca increases in the near-field, as shown in figure 6.3. In the far-
field, however, the displacement $x2 slightly decreases as Ca increases, which may
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Fig. 6.12 Self di"usion coe$cient with various ' conditions. Ca = 3.0 in all cases.
result of a balance between the negative pressure between the RBCs in separating
regime and the shift of mass centre in crossing regime. The curve of D22 result from
a balance between the e!ect of the near-field interaction and the far-field interaction.
D33 is almost independent of Ca and the curve becomes almost plateau. These results
suggest that di!usivity of the RBCs in a semi-dilute suspension is no longer isotropic
and we must consider the individual behaviour of RBCs in fluid flow to determine the
macroscopic self-di!usivities of RBCs.
Next, we investigate the e!ect of the viscosity ratio % on the self-di!usion coe"cient
of the RBC and the results are shown in figure 6.12. Ca = 3.0 in all cases. The curves
of D22 and D33 are decrease as % increases, which suggests that the self-di!usivities
of the RBCs are a strong function of the viscosity ratio. Compare between the e!ects
of Ca and % on the self-di!usivity of the RBCs (cf. figures 6.5 and 6.6), both D22
and D33 are strongly dependent on % but moderately on Ca.
Loewenberg & Hinch [57] numerically investigated the pairwise interaction of drops
and discussed the self-di!usion of the drops. The di!usion coe"cients of drops were
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also strongly dependent on the viscosity ratio % but moderately on Ca. Besides, the
curve of D22 has a peak in a certain value of Ca. They also showed that D22 of drops
were always larger than D33. These tendencies are similar to our numerical results of
RBCs, thus the self-di!usion of drops and capsules are similar in qualitatively. The
typical values of self-di!usion coe"cients of drops, however, became about 10 times
larger than our numerical results. The interfacial velocity is determined by the surface
load q both drops and capsules. The surface load is, however, a function of the surface
tension in the case of drops but a function of elastic tension in the case of capsules.
This qualitative di!erence of the load likely cases of the quantitative di!erence of the
di!usivity of drops and capsules.
Next, we compare the results with experimental observations. Lima et al. [54] in-
vestigated the self-di!usion of the RBCs with various hematocrit ! in a glass capillary
using micro-PTV systems. The diameter of the capillary was 100 µm and Dextran40
was used for the working fluid. The viscosity and density of the Dextran40 are µ =
3.8 (mPa.s) and ' = 1.046 ! 103 (kg/m3) at 37(&C), respectively. Flow rate was
controlled by syringe pomp in the experiments and the Reynolds number was deter-
mined to 0.005. If we assume a Hagen-Poiseuille flow in the glass capillary, average
velocity is estimated as U = 1.9! 10!4 (m/s). In the above experimental conditions,
the experimental results of non-dimensional radial dispersion of RBCs are estimated
as D22/(!U+) = 3.1 ! 10!2 (! = 0.03). The characteristic length + = 2.82 ! 10!6
(m) [27] was used in the above estimation. Typical our numerical results are the
order of 10!3 (cf. figures 6.11 and 6.12), which is 10 times smaller than the results
of Lima et al.. When RBCs were subjected to tube flow, each individual cells tended
to migrate to radial direction and RBCs were concentrated around the tube centre
in their experiment and the local hematocrit in the cross-section of the tube is no
longer isotropic. Then, the hydrodynamic interaction between the cells cannot be
approximated by the pairwise interaction even in the dilute case in tube flow, and the
results of the two studies are quantitatively di!erent.
Last, we discuss e!ects of the self-di!usion due to the Brownian motion, which
is neglected in the present study but self-di!usion due to the Brownian motion may
appear in the case of practical fluid. The self-di!usion coe"cient due to the Brownian
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motion Db should be proportional to the thermal energy and reciprocal proportional




where kb is the Boltzmann constant and Tk is absolute temperature. When Db is much
smaller than D of the present study, the Brownian e!ect can be negligible. When
Db 0 D , on the other hand, the self-di!usion is mainly generated by the Brownian
motion and the e!ect of pairwise interaction can be negligible. If we assume room







4 1.85 ! 10!4/(µ*̇).
If we approximate the shear-induced self-di!usion is about !! 10!3 (cf. figures 6.11
and 6.12), the shear-induced di!usivity becomes significant when !µ*̇ 0 0.2.
6.4 Stresslet of two RBCs and its impact on the
rheology
Next, we investigate rheological properties of the RBC suspension from the pairwise
interactions. In the previous section 5.4.3, we investigated the dilute suspension
rheology from a single RBC in shear flow, whose order becomes !. In this section, the
leading approximation of the particle stress tensor is expanded to the order of !2 using
the pairwise interaction of the RBCs and discuss the stresslet of two RBCs and its
impact on the semi-dilute suspension rheology. We first show the membrane tension
during the hydrodynamic interaction between the two RBCs. Next, we discuss the
stresslet of the RBCs to investigate the e!ect of !2 order term of the particle stress
tensor of the semi-dilute suspension.
6.4.1 Membrane tension
We first investigate the membrane tension during the pairwise interaction of the
RBCs. Distributions of the principal tension &1 and the isotropic tension &p during
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Fig. 6.13 Distributions of (a) the principal tension (1 and (b) the isotropic
tension (p during the interaction. Capillary number is 2.0, the viscosity ratio is
1.0, the angle #0 = +/2, #*0 = 0. The initial positions are set to #x
0
1 = !10.0,
#x02 = 0.25 and #x
0
3 = 0, respectively. Numbers in the figure represents the
numbering of the time sequence. Arrows represented in each figures indicate the
flow direction.
the interaction are shown in figure 6.13(a) and (b), respectively. Capillary number
is 2.0, the viscosity ratio is 1.0, and the angle 00 = (/2, &60 = 0, respectively. The
initial positions are the same as figure 6.2. When the interaction start (cf. figure
6.13(2)), the principal tension becomes high where the contact side of the membrane,
whereas the isotropic tension does not change significantly. Then, this higher value of
&1 is mainly caused by the shear deformation e!ects not the areal deformation e!ects.
In crossing regime (cf. figure 6.13(3)), both the principal tension and the isotropic
tension become high at the top side the RBC membrane, which value is the maximum
through the interaction period. This result suggest that both the shear deformation
e!ects and areal deformation e!ects are significantly on the membrane tensions in the
crossing regime. When the RBCs are in the separating regime (cf. figure 6.13(4) and
(5)), the membrane where surrounded by the two RBCs are compressed and both the
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Fig. 6.14 Distributions of the principal tension (1 with #*0 = 0 and 2+/3
during the interaction. The other numerical conditions are the same as figure
6.13. Numbers in the figure represents the numbering of the time sequence.
Arrows represented in each figures indicate the flow direction.
principal tension and the isotropic tension become negative. After the interaction,
the membrane tensions become steady periodic, as shown in figure 5.17.
To investigate the membrane tension more in detail, we analyze the e!ect of angle
di!erence &60 on the membrane tension, i.e. the e!ect of the shape of the RBCs at
the beginning of the interactions. The shape of the RBCs at the beginning of the
interaction not only depend on &60 but the initial positions &x0. For the simplicity
of the discussion, hereafter, &x0 is fixed to &x01 = #10.0, &x02 = 0.25 and &x03 = 0,
respectively, when we discuss the e!ect of &60. Distributions of the principal tension
&1 with &60 = 0 and 2(/3 during the interaction are shown in figure 6.14(a) and
(b), respectively. The other numerical conditions are the same as figure 6.13. When
&60 = 0, the RBC1 interact to the RBC2 with the most elongation towards the
x3-direction, as shown in figure 6.14(a)(2). Whereas, when &60 = 2(/3, the RBC1
interact to the RBC2 with the most elongation towards the x1-direction, as shown in
figure 6.14(b)(2). In the case of &60 = 0, &1 becomes high where the contact side of
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Fig. 6.15 (a)Maximum principal tension of the RBC1 (max as a function of #x1.
(b)The peak value of (max during the interaction with various #*0. In all cases,
Ca = 2.0 and ' = 1.0.
the membrane when the RBCs start to interact each other (cf. figure 6.14(a)(2)). In
the case of &60 = 2(/3, however, &1 of the RBC1 becomes high where the top side of
the RBC1 (cf. figure 6.14(b)(2)) not where the contact side of the RBC1. Moreover,
the maximum values of &1 during the interaction (cf. figure 6.14(3)) di!er between
the two cases, even though the region of the maximum &1 are the same. These results
suggests that the membrane tension during the pairwise interaction quantitatively
and qualitatively depends on the angle di!erence &60, i.e. the shape of the RBC at
the beginning of the interaction.
To investigate the e!ect of &60 more in detail, the maximum principal tension of
the RBC1 as a function of &x1 with &60 = 0, 2(/3 and 5(/6 are shown in figure
6.15(a). Ca = 2.0 and % = 1.0 in all cases. We see that the shape of curves, as
well as the maximum values, depend on the angle di!erence &60. In figure 6.15(b),
the peak value of &1 during the interaction with various &60 are shown. The values
become the maximum when &60 = 2(/3 and become the minimum &60 = 5(/6 and
its di!erence between the maximum and minimum value is about 16%.
We also investigate the membrane tension with 00 = 0. Distributions of &1 during
the interaction are shown in figure 6.16(a). In the case of 00 = 0, the RBCs show
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Fig. 6.16 (a)Distributions of (1 during the interaction with #0 = 0.
(b)Distributions of negative (1 during the interaction. Ca = 2.0, ' = 1.0 and the
initial positions are the same as figure 6.13 for both cases.
the pure tank-treading motion and &1 distributions are no longer oscillated. The high
values of &1 always appear at the side of the RBC when far from the interaction.
Besides, we observe that &1 becomes always high at the side of the RBC during the
interaction as shown in figure 6.16(a). This tendency is qualitatively di!erent from
the 00 = (/2 cases as shown in figure 6.13 and figure 6.14. Moreover, the maximum
value of &1 become higher than that of 00 = (/2 cases.
We also observe that the negative principal tension &1 during the pairwise interac-
tion, even in the case of only positive values appeared in the solitary case, as shown in
figure 6.16(b). The negative tension often cause of the numerical instabilities, then the
computations of the pairwise interaction more su!er from the numerical instabilities.
From these results we conclude that the membrane tension during the hydrodynamic
interaction between the two RBCs are strongly dependent on the angle and orientation
of the RBCs, then we must consider its orientation for the membrane tension within
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Fig. 6.17 Maximum principal membrane tension of the RBC1 during the inter-
action (max with Ca = 2.0, 3.0 and 4.0 . The viscosity ratio is unity and the
initial positions are the same as figure 6.13 in all cases. The broken lines in the
figure represent the maximum tension in the solitary cases.
the hydrodynamic interaction. For the simplicity of discussions, we only consider
00 = 0 to investigate the membrane tension. In this case, &60 can be omitted because
the membrane properties are symmetry towards the flow direction. As shown in the
chapter 5, the angle 0 is converged to 0 in high Ca regime when the RBC has no
interaction with other cells. The membrane tension with 00 = 0 may be reliable in
high Ca regime. Then we investigate the membrane tension with 00 = 0 in high Ca
regime, hereafter.
The maximum principal tension of the RBC1 during the interaction &max with
Ca = 2.0, 3.0 and 4.0 are shown in figure 6.17. The viscosity ratio is unity and the
initial positions are the same as figure 6.13 in all cases. The broken lines in the figure
represent the maximum tension in the solitary cases. When the RBCs are in crossing
regime (e.g. figure 6.16(3)), the curves have a peak value in all Ca cases. In this
regime, high pressure of the outer fluid is observed as shown in figure 6.4, which may
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Fig. 6.18 Increment of the maximum tension from the solitary case with various
Ca and ' conditions
cause of the high values of the maximum tension. In separating regime (e.g. figure
6.16(4)), the values are smaller than the values of the solitary cases in whole range of
Ca. In this regime, the negative tensions appear on the membrane as shown in figure
6.16(b) and the shape is strongly asymmetry. This asymmetric shape likely cause of
the smaller tension than that of the symmetric shape of the single RBC in shear flow.
For more detailed analysis of the maximum principal tension during the pairwise
interaction, the increment of the maximum tension from the solitary case are shown
in figure 6.18. The increment ratio is defined as
!
&peakmax # & solmax
"
/& solmax, where &peakmax is
the peak value of the maximum principal tension during the interaction and &solmax is
the maximum principal tension in the solitary cases. From figure 6.18, we see that the
e!ect of Ca on the increment of the principal tension is moderate comparing with %
e!ect. The maximum displacement towards the x2-direction decreases as % increases
(cf. figure 6.6), yields highly interaction between the two RBCs with higher %.
The maximum value of the increment ratio is at most about 30% in whole range
of % and Ca. Even in the case of high % condition (the highest value is % = 3.0
in this study), the RBCs do not contact each other during the interaction and they
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Fig. 6.19 Shear stress component of the stresslet with various orientation. The
initial positions are #x1 = !10, #x2 = 0.25 and #x3 = 0, respectively. The
capillary number is 2.0 and the viscosity ratio is 1.0 in all cases.
can easily pass each other. Then, the e!ect of the interaction on the membrane
tension becomes moderate. Our numerical results of the membrane tension during the
pairwise interaction can be viewed as a first approximation of the cell-cell interaction
in a dilute suspension. They can be used for better understanding of the membrane
tension in a dilute suspension of the RBCs.
6.4.2 Stresslet
Finally, we discuss the stresslet of the RBCs during the pairwise interaction to
investigate the e!ect of !2 order term of the particle stress tensor of the semi-dilute
suspension. First, we investigate the e!ects of the orientation on the stresslet. The
shear stress component .S12/ with various orientations are shown in figure 6.19. The
bracket representation is the ensemble average of the stresslet. The initial positions
are &x1 = #10, &x2 = 0.25 and &x3 = 0, respectively. The capillary number is
2.0 and the viscosity ratio is 1.0 in all cases. As the same for the membrane tension,
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Fig. 6.20 (a) The peak value of S12 and (b) integrated #S12 towards the x1-
direction as a function of #*0. The numerical conditions are the same as figure
6.19. Definition of #Sx12 is described in (6.12).
the curves are dependent on both 00 and the angle di!erence &60. To investigate the
e!ect of 00 and&60 in quantitatively, the peak value of the stresslet .S12/ as a function
of &60 are shown in figure 6.20(a). The di!erence between the maximum value (at
00 = (/2,&60 = 2(/3 in the figure) and the minimum value (at 00 = (/2,&60 = (/3
in the figure) reaches about 7% To investigate the e!ects of the interaction in a given






The above equation is equivalent to the e!ect of the one-time hydrodynamic interac-
tion of the RBCs on the stresslet. When the RBCs far from each other, the integrand
function can be negligible. In this study, the interval of the integration with respect
to x1 is defined as [#7, 7], which is su"ciently long that results obtained in this chap-
ter are una!ected qualitatively by the selection of integration interval. &Sx12 with
various &60 are shown in figure 6.20(b). The values of &Sx12 depend on &60 and its
variation reaches almost 20% in the parameter range &60 ' [0,(]. From these results,
we conclude that the stresslet during the interaction depend on the orientation and
the phase of the swinging motion of the RBC and we must take into account of them
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Fig. 6.21 (a) Ensemble average S12, which is normalized by the stresslet of the
solitary cases with Ca = 2.0, 3.0 and 4.0. (b)Hight of the RBC1 during the
interaction. The viscosity ratio is unity in all cases.
to investigate the stresslet in the pairwise interaction. Hereafter, 00 is fixed to 0 for
the simplicity of the discussions.
Next, we investigate the e!ect of Ca on the stresslet of the RBCs. The ensemble
average S12 with Ca = 2.0, 3.0 and 4.0 are shown in figure 6.21(a). The values are
normalized by the stresslet of the solitary case Ssol12 . The viscosity ratio is unity in all
cases. In crossing regime, .S12/ become higher than Ssol12 . In separating regime, on
the other hand, .S12/ become smaller than Ssol12 , in all cases.
To investigate .S12/ more in detail, the hight of the RBC1&H during the interaction
are shown in figure 6.21(b). In crossing regime, the RBCs shape become concave
shape to overcome the other cell, as shown in figure 6.16(3). As a result, &H become
larger than the solitary cases. In separating regime, on the other hand, the shape of
the RBCs are strongly asymmetry with respect to its mass centre and the backward
membrane become almost flatten, as shown in figure 6.16(4). Then, the hight becomes
smaller than the symmetric shape, i.e. the solitary case. The average values of
.S12//Ssol12 during the interaction are no longer 1.0. This result is important to discuss
the stresslet of the !2-term, because the integrand is not zero and the term does exist.
We next investigate the e!ect of % on the stresslet of the RBCs. .S12/ with % =
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Fig. 6.22 #S12$ with ' = 1.0, 2.0 and 3.0. In all cases, Ca = 3.0.
1.0, 2.0 and 3.0 are shown in figure 6.22. In all cases, Ca = 3.0. The maximum
values of .S12/ become small as % increases, but the minimum values become larger
with higher %, then the curve is strongly asymmetric with higher %. In the case of
non-identical viscosity ratio, the stresslet is determined by not only the membrane
load q but also the membrane velocity v. In high % case, the inner viscous e!ect
becomes significant and the response to the pairwise interaction becomes slowly. Such
a slow response of the membrane deformation with higher % likely cases the strong
asymmetric curve of .S12/, which produces the large value of the !2 order term of the
particle stress tensor. The e!ect of % is then important on the stresslet of the RBCs
during the pairwise interaction.
Not only the shear viscosity term but the diagonal components are also important
for the suspension rheology. The component of .S11/ and .S33/ are shown in figure
6.23(a) and (b), respectively. In the case of % = 1, the curve of .S11/ has a moderate
peak in crossing regime but a significant least value in separating regime. Then, the
average value of .S11//Ssol11 with % = 1 becomes less than 1.0. This result suggests
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Fig. 6.23 Diagonal component of the stresslet (a) #S11$ and (b) #S33$ with ' =
1.0, 2.0 and 3.0. In all cases, Ca = 3.0.
Fig. 6.24 E"ects of the initial positions of the RBCs. (a) Shear stress component
of the stresslet with #x02 = 0.25, 0.75 and 1.25. (b)#S
x




that the !2-term becomes small or even becomes negative due to the interaction in
small % cases. In higher % cases, on the other hand, the average values of .S11//Ssol11
are higher than 1.0. The increment ratio of .S33/ is dependent on the % but the curves
do not qualitatively change with %.
To seek the !2 order term of the particle stress tensor, we investigate e!ects of
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the initial position on the stresslet and the results are shown in figure 6.24(a). The
viscosity ratio is unity and capillary number is 2.0. In all cases, &x03 = 0. As we
expected, the distance between the two RBCs becomes more large and the interaction
becomes more weak. To investigate the e!ect of&x02 in more quantitatively, &Sx12 as a
function of &x02 in log-log scale are plotted in figure 6.24(b). The numerical results are
represented by red circles. In far-field interaction (&x02/2+ * 1), the results linearly
decrease with respect to &x02. The green line in the figure indicates the linear fitting
of the results and its slope is -2, which is relevant to that &Sx12 has the order r!2
in &x02/2+ * 1 regime. This result suggests that .S12/ # Ssol12 decreases as r!3 and
the infinite integral of the !2 order term diverges as fast as ln r. To perform the
integral of the !2-term, Batchelor et al. (1972) recalculated the ensemble average










where e is the rate of strain at position r and E is the bulk average rate of strain.
However, this method cannot be applied, because equation (6.7) is not satisfied in
the case of the RBCs. In this thesis, we only consider in near field interaction for the
!2-term.
To investigate the e!ect of !2-term, we use cross-flow trajectories as shown in figure
6.10. Then, the domain truncation rc is defined as 2.0 and we define a quasi-!2-term










The above integral is calculated by Gaussian numerical integration with bi-linear
element. The number of Gauss integral point in each element is 25. In the case of
x02 = 0, we assume no interaction and the integrand becomes 0. The results of f12
and first and second normal stress di!erence N #1 = f11 # f22 and N #2 = f22 # f33 are
shown in figures 6.25(a) and (b), respectively. f12 becomes positive in all cases, which
is equivalent to that the e!ective shear viscosity increases due to the hydrodynamic
interaction of the RBCs. The typical values of f12 are about 10 times smaller than
the typical values of !-term, which is shown in figure 5.24. In the case of a rigid
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Fig. 6.25 Quasi-/2-term of the particle stress tensor. (a) Shear viscosity f12 and
(b) normal stress di"erence N "1 (solid line) and N
"
2 (broken line).
spherical particle, the !-term and !2-term of e!ective viscosity have the same order;
µ5 = µ(1+2.5!+7.6!2) [12]. In the case of deformable RBCs, the cells can easily pass
away each other and the e!ects of the interaction on the shear viscosity do not become
significant comparing with the rigid body cases. The second normal stress di!erence
N #2 are always negative but its values are also about 10 times smaller than the !
order term. The first normal stress di!erence N #1 are, on the other hand, qualitatively
dependent on % and the value becomes negative in the case of % = 1. This is because
the average .S11//S11 is smaller than 1.0 with identical viscosity, as shown in figure
6.23(a).
We finally discuss the truncation error of the !2-term. In the case of deformable
capsule, it is impossible to look for the exact !2-term, however, that of rigid spherical
particle is now available. The scaling of !2-term is the same among rigid particles,
drops and capsules, thus the scaling estimation of rigid particle will give us a useful
information. To calculate equation (6.13) of rigid spherical particles, Batchelor et al.
[12] divided the integration range into 3 regime:
2 , " , 2.0025, 2.005 , " , 3.0, 3.0 , " , 1,
where " = r/+ is the normalized distance of the mass centre of two identical particles.
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In the first and third regime, the integration can be calculated analytically but in the
second regime it was calculated numerically in the paper. In our numerical simulation,
the domain truncation rc is 2.0, which is equivalent to " = 4.0 in the system. In the
third regime, the integration can be written as 152
8 "
3 "
!4d" [12]. The value of full
integration is equivalent to 0.0926 and the value with the truncation (" = 4.0) is equal
to 0.0536. The di!erence between the two cases becomes 42% but the total value of
the !2-term becomes 7.6 (full integration) and 7.3 (with truncation), respectively,
and the di!erence between the two is less than 4%. From this result the integral
range used in our numerical simulation may be large enough to calculate the !2-term.
However, the above estimation is conducted with the convergent form of the integrand
and more precise discussions may be needed.
6.5 Conclusions
In this chapter, we investigate the hydrodynamic interaction between the two RBCs
in shear flow and discuss the shear-induced self-di!usion coe"cient and the stresslet of
the RBCs. An RBC is modeled as a capsule with a hyper-elastic membrane and the SK
law with C = 10 is employed for the membrane to express the aarea incompressibility
of the RBC membrane. The finite element method is used to solve the membrane
mechanics. Due to the small scale of the RBC, we also assume that flow is a Stokesian,
i.e. inertia free, and the flow is solved by the boundary element method.
Because of the deformability of the RBCs, the trajectories were no longer symmetric
and displacement $x was produced in the (x2, x3)-plane. The trajectories changed
significantly with % but changed moderately with Ca. This result suggests that the
trajectories during the hydrodynamic interaction between the two RBCs are dominant
to % but moderate to Ca. It is also found that the angle di!erence &60 and the
orientation 00 do not significantly a!ect on the displacement $x. Then, the trajectories
of the RBC during the hydrodynamic interaction are independent of the angle and
orientation of the RBCs.
To calculate the self-di!usion coe"cient of the RBCs, we used the G1 trajectories
and displacement $x with various initial potions in the (x2, x3)-plane. In far-field in-
teraction, we used a asymptotic form of the integrand and analytically calculated. In
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near-field interaction, we used a Gaussian numerical integration scheme with bi-linear
element and computed it numerically. D22 was always larger than D33, because the
displacement $x2 was always larger than the displacement $x3. These results suggest
that di!usivity of the RBCs in a smi-dilute suspension under shear flow is no longer
isotropic and we must consider the behaviour of RBCs in fluid flow individually to
determine the self-di!usivities of RBCs. The self-di!usion of the RBCs were similar
with that of the drops but the values were quantitatively di!erent. The RBC mem-
brane has elastic resistance but the drops has only surface tension. This qualitative
di!erence of the interface likely cases the quantitative di!erence of di!usivity. We also
observed that the self-di!usivities of the RBCs are a strong function of the viscosity
ratio, whereas it is moderate with Ca. Then, we conclude that the self-di!usion of
the RBCs during the pairwise interaction is dominant significantly to % and moderate
to Ca.
The membrane tension during the pairwise interaction quantitatively and qualita-
tively depended on the angle di!erence &60 and the orientation 00. From this result,
we conclude that the orientation of RBC during the interaction must be concerned
for the membrane tension. The increment of the principal tension from the solitary
case strongly depended on % but moderately on Ca. This is because the trajectories
strongly depend on % but moderately on Ca. The maximum value of the increment
ratio was at most about 30% in whole range of % and Ca. Even in the case of high %
condition (the highest value is % = 3.0 in this study), the RBCs did not contact each
other during the interaction and they could easily pass each other. Then, the e!ect
of the pairwise interaction on the membrane tension became moderate.
Finally, we discussed the stresslet of the RBCs during the pairwise interaction and
its impact on the !2 order term of the particle stress tensor. As the same for the
membrane tension, the stresslet were also dependent on both the orientation and
angle di!erence of the RBC. We again conclude that the orientation of RBCs must
be taken into account to investigate the rheology of the pairwise interaction. To
investigate the e!ect of the pairwise interaction on the particle stress tensor, we
define the quasi-!2-term f . f12 were always positive with various % and Ca, which
is relevant to the e!ective shear viscosity increase quadratically. The typical values
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of f12 were about 10 times smaller than the typical values of !-term. In the case
of deformable RBCs, the cells can easily pass away each other and the e!ects of the
interaction on the shear viscosity do not become significant. The first normal stress
di!erence N #1 became negative in the case of % = 1. This is because the average
.S11//S11 is smaller than 1.0 in the identical viscosity case. This result suggests that
the elasticity of the suspension is reduced by the hydrodynamic interaction of RBCs
in the case of % = 1.
From these results we conclude that the stresslet and the self-di!usivities during
the pairwise interaction is a!ected significantly by % but moderately by Ca and the
RBC can escape the strong interaction thanks to the elasticity of the membrane.
Our numerical results of the pairwise interaction can be viewed as a first approxima-
tion of the cell-cell interaction in a dilute suspension. They can be used for better





The aim of this study is development of macroscopic or continuum models of pop-
ulations of multiple RBCs in fluid flow. In this thesis, we discussed the mechanical
modeling of the RBC membrane by comparing discrete spring network models and
continuum based constitutive laws and investigated the kinematics and the rheology
of an RBC in shear flow. Finally, we investigated the pairwise interaction of RBCs
and discussed the self-di!usion and rheological properties of a suspension of RBCs
in semi-dilute regime. Summaries and conclusions conducted in this thesis can be
written as follows:
In chapter 2, the governing equations of RBCs deforming under viscous flow were
presented. An RBC was modeled as a capsule with a hyper-elastic membrane. Due
to the small size of the RBCs, flow of the internal and external liquids were described
by a boundary integral equation of the Stokes flow. For mathematical descriptions of
the membrane mechanics, we used the shell theory of the large elastic deformation.
In chapter 3, we described the numerical methods for the capsule dynamics in
viscous flow. For the membrane mechanics of a capsule, a finite element method was
used. To solve the boundary integral equation of the flow field, a boundary element
method was employed. For validations of the numerical scheme of the finite element-
boundary element (FE-BE) coupling method, we investigated the membrane load
and capsule deformation under inflation and shear flow condition. The results were
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compared with former analytical and numerical studies and we confirmed that good
agreement with our numerical results and the former analytical and numerical studies.
To accelerate computation speed, GPGPU was applied to the FE-BE coupling method
using CUDA. We succeeded about 230 times acceleration of the computation speed
comparing with CPU computation.
In chapter 4, we compared the mechanical properties of a membrane modeled with
continuum constitutive laws and a discrete spring network under various conditions:
uniaxial and isotropic deformations of a 2D membrane, inflation of a capsule and
deformation of an initially spherical capsule in a simple shear flow. The results have
shown that the mechanical properties of spring networks are strongly dependent on
the mesh configuration.
In the small deformation limit, the mechanical properties of the spring network
model may be predicted analytically. It is found that, the spring network model
has anisotropic mechanical properties in general. However isotropic meshes have
mechanical properties that converge towards those of an isotropic material. To express
isotropic elasticity using a spring network model, the mesh must therefore be isotropic
and su"ciently fine, relative to the variation of the stress field. Moreover, in the small
deformation limit, we observe that the behaviour of the spring network with a fine
square cross mesh is similar to NH and SK C = 1, (Es = 3.0Gs, 4s = 1/2), by
adjusting k/Gs = 2.0. Square cross-centre and regular-triangle meshes are similar to
SK C = 1/2 (Es = 8/3Gs, 4s = 1/3), by adjusting k/Gs = 2.0 and k/Gs = 4/
)
3,
respectively. These correlations are important, because one can determine the spring
constant by performing conventional mechanical experiments.
In large deformation, the stress-strain relationship under isotropic elongation shows
a strain-softening behaviour for all mesh types, and it is di"cult to express the area-
incompressible property. For a capsule in a simple shear flow, we also confirm that
a spring network cannot express the D"12 # Ca correlation of a capsule with an area-
incompressible membrane. Thus, to express a biological cell membrane, we need to
choose a membrane model that can express the local area incompressibility, such as
the SK law, instead of a spring network model.
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In chapter 5, we investigated the kinematics and rheology of a single RBC in creep-
ing shear flow and the results were applied to rheological properties of a dilute sus-
pension of RBCs in shear flow.
In very low Ca regime, the RBC showed quasi-rigid like tumbling motion. In high
Ca regime, the RBC showed swinging motion. These results were consistent with
former experimental observations and numerical computations of an RBC in shear
flow. We also observed quasi-circular profiles of the RBC in the shear plane, and we
defined such a motion as tumbling-swinging transition.
When the revolution axis of a spheroidal capsule was not initially located in the
shear plane, the capsule showed reorientation phenomena. Steady orientation of the
capsule depended on the strength and unsteadiness in the background flow. Given
that the transition can be controlled by adjusting the background flow strength as
well as the unsteadiness in the background flow direction, the results obtained here
can be utilized for particle-alignment techniques in engineering applications, such as
counting non-spherical particles by light scattering, making anisotropic materials, etc.
The large deformation of the RBC was suppressed by a strain-hardening property
of the SK law. We also observed that the length in the x3-axis L3 decrease as L1
increase to preserve the surface area of the membrane. Deformation of the RBC is
strongly depend on the membrane model, thus we again conclude that we need to
choose a suitable membrane model to express the mechanical properties of biological
membrane. The deformation also tended to be suppressed when the viscous e!ect
inside the capsule becomes large, i.e. high % condition. These results suggest that
not only the shear rate but the viscosity ratio of the internal and external liquids
dominate the deformation of the RBC in shear flow.
Distributions of the principal tensions change periodically together with the shape
oscillation and the maximum tensions appeared on the side of the deformed RBC
when 00 = (/2, whereas the high isotropic tension only appeared at the top/bottom
of the deformed RBC. The maximum principal tension should be correlated to the
membrane rupture, and the isotropic tension should be correlated to the regulation of
the mechano-transduction of the RBC, these regions are then important to understand
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the mechanisms of the hemolysis and the mechano-transduction of the RBCs. We also
investigated the maximum and average tensions, max(&max), max(&pmax) and &p and
&̄p, and these tensions increase monotonically with Ca even though the deformation
is suppressed in high Ca regime. These findings on the membrane tension would be
useful for better understanding of the mechanisms of the hemolysis and the mechano-
transduction of RBCs.
In dilute regime, the e!ective shear viscosity converged to 2.5 in the case of 00 = (/2
and 4.3 in the case of 00 = 0, respectively with very low Ca number. We saw that
the shear-thinning behaviour of the e!ective shear viscosity, which is consistent with
former experimental observations of the RBC suspension. Surprisingly, the e!ective
shear viscosity of the suspension became small with higher %, because the hight of
the deformed RBC became small with higher %. Which is relevant to that a suspen-
sion with inner-viscous capsules has e"cient fluidity in dilute regime. The diagonal
components of the stresslet were no longer isotropic, then the first normal stress dif-
ferent N1 became positive, whereas the second normal stress di!erence N2 became
negative, respectively. These results indicate that the visco-elastic properties of the
RBC suspension does exist and the elasticity e!ects of the suspension become large
with smaller % and larger Ca due to the shear-thinning behaviour. These findings
presented here form a fundamental basis for the knowledge of complicated suspension
mechanics of capsules and biological cells.
In chapter 6, we investigated the hydrodynamic interaction between the two RBCs
in shear flow and discussed the shear-induced self-di!usion coe"cient and the stresslet
of the RBCs for the !2 order term.
Due to the deformability of the RBCs, the trajectories were no longer symmetric
and displacement $x was produced in the (x2, x3)-plane. The trajectories changed
significantly with % but changed moderately with Ca. This result suggests that the
trajectories during the hydrodynamic interaction between the two RBCs are dominant
to % but moderate to Ca. It is also found that the angle di!erence &60 and the
orientation 00 do not significantly a!ect on the displacement $x. Then, the trajectories
of the RBC during the hydrodynamic interaction are independent of the angle and
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orientation of the RBCs.
To calculate the self-di!usion coe"cient of the RBCs, we used the G1 trajectories
and displacement $x with various initial potions in the (x2, x3)-plane. In far-field
interaction, we used a asymptotic form of the integrand and analytically calculated.
In near-field interaction, we used a Gaussian numerical integration scheme with bi-
linear element and computed it numerically. We saw that D22 was always larger than
D33. This is because the displacement $x2 was always larger than the displacement
$x3. These results suggest that di!usivity of the RBCs in a smi-dilute suspension
under shear flow is no longer isotropic and we must consider the behaviour of RBCs
in fluid flow individually to determine the self-di!usivities of RBCs. The tendencies
of self-di!usion between the RBC and drops were similar but quantitatively di!erent.
The typical inter-space between the drops in crossing regime were much smaller than
the RBC cases, yields strong interaction of two drops This result suggests that the
RBCs can escape the strong interaction due to the elasticity of the membrane. We
also observed that the self-di!usivities of the RBCs were a strong function of the
viscosity ratio, whereas it was moderate on Ca. Then, we conclude that the self-
di!usion of the RBCs during the pairwise interaction is dominant significantly to %
and moderate to Ca.
The membrane tension during the pairwise interaction quantitatively and qualita-
tively depended on the angle di!erence &60 and the orientation 00. From this result,
we conclude that the orientation of RBC during the interaction must be concerned
for the membrane tension. The increment of the principal tension from the solitary
case strongly depended on % but moderately on Ca. This is because the trajectories
strongly depend on % but moderately on Ca. The maximum value of the increment
ratio was at most about 30% in whole range of % and Ca, because RBCs can easily
pass away each other.
Finally, we discussed the stresslet of the RBCs during the pairwise interaction and
its impact on the !2 order term of the particle stress tensor. As the same for the
membrane tension, the stresslet were also dependent on both the orientation and
angle di!erence of the RBC. We again conclude that the orientation of RBCs must
be taken into account to investigate the rheology of the pairwise interaction. To
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investigate the e!ect of the pairwise interaction on the particle stress tensor, we define
the quasi-!2-term f . f12 were always positive with various % and Ca, which suggests
that the e!ective shear viscosity increase quadratically. The typical values of f12 were
about 10 times smaller than the typical values of !-term. In the case of deformable
RBCs, the cells can easily pass away each other and the e!ects of the interaction on
the shear viscosity do not become significant. The first normal stress di!erence N #1
became negative in the case of % = 1. This is because the average .S11//S11 is smaller
than 1.0 in the identical viscosity case.
From these results we conclude that the stresslet and the self-di!usivities during
the pairwise interaction is a!ected significantly by % but moderately by Ca and the
RBC can escape the strong interaction thanks to the elasticity of the membrane. Our
numerical results of the pairwise interaction can be viewed as a first approximation
of the cell-cell interaction in a dilute suspension. They can be used for better under-
standing of the complicated mechanics of a suspension of the RBCs.
In this thesis, we discussed the rheological properties of dilute suspension of RBCs
and self-di!usion and rheology of a suspension of RBCs in semi-dilute regime. Sus-
pensions of small capsules in fluid are common in nature and results obtained from in
this thesis will form a fundamental basis for the knowledge of complicated suspension
mechanics of capsules and biological cells. Blood is flowing through 10!6 to 10!2
meter order in blood vessels and multi-scale physics are in there. For consecutive
understanding of physiology and several pathology of blood flow, it is now desirable
for a mechanical model which can be applied to arbitrary scale physics. Develop-
ment of the macroscopic continuum model of RBC suspension from the microscopic
cellular behaviour of RBCs is one of the biggest scientific challenge in bioengineering
field. Author believes that our numerical study can provide the fundamentals for the
breakthrough to the multi-scale physics problems of blood flow by constructing more
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